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Consider any set X and any two lattices of subsets of X, £1, £2, such 
that 1) C 2». Itis well-known that, in case 4 semiseparates 5, 
there is a natural mapping from the Wallman space IR (_y9 to the Wallman 
space IR (_Y), namely, the restriction mapping. This paper deals with three 
situations, each involving two lattices of subsets of X, 71, », such that 
either 1 C 2, but ~ does not semiseparate $75, or 1 EC Yo, 
and for which there exists a continuous mapping ¢ from JR (¥29) to 
IR( }). Several properties of this function are discovered. By considering 
the restriction of ¢toIR(sc, yg), the set of countably additive elements 
of IR(_¥5), several repleteness interrelations between the two lattices are 


obtained. The work culminates with the determination of the relationship 
between repleteness and c-realcompactness. Numerous topological measure 
theory—applications are given throughout the paper. 


INTRODUCTION 


Consider the following : any set X; any lattice of subsets of X, , such that 
¢, X € _¥Y; the set whose general element isa (0 — 1)-valued, .?-regular, finitely 
additive measure on the algebra of subsets of X generated by _¥, /R (_¥),and also 
the Wallman topology on JR (_¥’). Now, consider any two such lattices 1, 2, with 
£1C #2. It is well-known that, in case 1 semiseparates 2, there is a natural 
mapping from /R (2) to JR (1), namely, the restriction mapping. This situation 
has been investigated in great detail, especially with respect to various repleteness 
or completeness interrelations betwecn the two lattices?. The more general situation 
in which either 1 C 2, but #1 does not semiseparate 2, or £1 & -¥2 has not 
been investigated in any generality. 


In the first part of this paper, we consider three situations in which either 1 
C 2, but 1 does not semiseparate 2, or 1 ¢ 2, and for which there exists 
a continuous mapping ¢ from /R (.2) to JR (Li). The basic idea is due to Zaicev!’, 
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who considered the special case of a Tychonoff space with 1 = ¥ and 2 = whe 
where Fr is the lattice of subsets of XY generated by the collection of regular i 
sets. (Zaicev uses the notation /R(PHr) = wa X; the notation IR () = tn 
standard). We follow Zaicev’s construction to a large extent for this special or a 
we go beyond that, in both the general and the special case, by considering the res oe 
ticn of the mapping ¢ to /R (c, 2), the set whose general element is an element o 
IR (2) which is countably additive. This part of our work leads to new acpleocrs 
interrelations. Our work culminates in the last part of the paper where we give a deter- 
mination of the relationship between c-realcompactness and repleteness of Fr. 


We present along with the general theory numerous applications to specific topo- 
logical lattices, thus obtaining some known results ina different manner and also 
obtaining new results. 


The terminology and notation are fairly standard and are consistent with those 
of Wallman!®, Frolik®, Nébeling!4, Bachman and Stratigos?, and others. In the 
first section, and for the convenience of the reader, we will repeat some of these and 
we will mention some basic facts which are used throughout the paper. We will follow 
this practice with respect to certain topological facts which are scattered in the liter- 
ature, and for which it is difficult to give just a few references; we will present these 
facts in the sections to which they are most relevant. 


§ 1. Terminology and notation and some basic facts (a) Consider any set X 
and any lattice of subsets of ¥, . We shall always assume, without loss of genera- 
lity for our purposes, that ¢, ¥ € ©. The definitions of the following concepts 
are found in Bachman and Stratigos?. _¥ is Separating, disjunctive, regular, normal, 
Lindel6f. Now, consider any two such lattices £1, £2, with £1 C #2. The 


definitions of the following concepts are also found in Bachman and Stratigos? 


semiseparates 2, 1 separates 2, 5 is -£1i-countably bounded, _5 is 
-£1-countably paracompact. 


Consider any topological space X. The collection- 
F, the collection of open sets bo 


collection of zero sets by Z A clos 


of closed sets is denoted by 
QO; the collection of clopen sets by @, and the 


ed set Fis said to be regular closed iff FO — F 
The collection of regular closed sets is denoted by #(F) or by #(X). Note the 


union of any two regular closed sets is regular closed; however, the intersection of 
any two regular closed sets need not be regular closed. The lattice of subsets of Y 
generated by <% (X) (in the set-theoretic sense) is denoted by (Z (X)) or by 
Fr. The Boolean algebra of subsets of ¥ generated by G(X) is also denoted 
by %(X). An open set O is said to be regularopen iff O° = O. Note the in- 
tersection of any two regular Open sets is regular open; however, the union of any two 


regular open sets need not be regular open. The lattice of subsets of Y generated by 
the collection of regular Open sets is denoted by Or. 
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(b) For an arbitrary function f, the domain of f is denoted by Dy. 


The set whose general element is the intersection of an arbitrary subset of _¥ is 
denoted by t_¥. The algebra of subsets of X generated by ¥ is denoted by W(_¥). 


_(c) Consider any algebra of subsets of ¥, HH. A measure on @ is defined to 
be a function », from & to R, such that p is finitely additive and bounded (see 
Alexandroff!, p. 567.) The set whose general element is a measure on G(¥) is 
denoted by M (_¥). 


For an arbitrary element of M(_¥), », the support of » is defined to be 
{LE ¥!/|»|(L) =| 4 | (X)} and is denoted by S (). 


An element of M (_¥), u, is said to be -regular iff for every element of Z(_¥), 

E, for every positive number, ¢, there exists an element of 7, 2, such that LCE 
and | » (EZ) — »(L)| <«. The set whose general element is an element of M (_¥) 

which is -regular is denoted by MR(_¥). An element of M (_¥), p, is said to be 
_¥-(s-smooth) iff for every sequence in FY (.¢7), <An>, if <An> is decreasing and lim 
n 


An = ¢, then lim p» (An) = 0. The set whose general element is an element of M (¥) 
n 


which is .-(s-smooth) is denoted by M (s, ¥). The set whose general element is an 
element of M (_) which is _-(s-smooth) just for <An> in ¥ is denoted by 
M (c*, ¥). Note for every element of MR (_¥), », w E M (co, ¥)iff'u € M (o*, ¥). 


The set whose general element is an element of M (¥), », such that up (GW (L)) 
= {0,1}, that is, the set whose general element is a (0 — 1)-valued, finitely additive 
measure on GY (_¥&), is denoted by / (¥). Foran arbitrary element of Z(¥), 4, 
{u € IR(¥#)| (A) = 1} is denoted by W (A). {(W(L)/L € ¥} is denoted by W(_¥). 


(d) _¥ is said to be replete iff for every element of /R(_¥), », ifu € IR(s, ¥), 
then S (u) # ¢. 


(e) We note that there exists a one-to-one correspondence between J (_¥’) and 
the set of all prime _¥-filters and there exists a one-to-one correspondence between 
IR (£) and the set of all --ultrafilters. (Details can be found in Cohen). It follows, 
therefore, that for every element of /(_¥), », there exists an element of JR (_Y), v, 
such that » <von_¥. (The proof involves a filter-ultrafilter argument.) 


Also, we note that for any two lattices of subsets of X, 1, 2, if £1 C #2, 
then for every element of JR (#1), p, there exists an element of JR (2), v, such that 


v | = p. (The proof involves a filter-ultrafilter argument). 


H (£1) 


§ 2. In this section, we lay the groundwork upon which our investigation of the 
relationship between repleteness and c-realcompactness is based. 
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Review the definition of the (complete) Boolean algebra generated by the col- 
lection of regular closed sets of a topological space. 


Consider any topological space X. Further, consider the collection of regular 
closed sets and denote it by Z(F) or by A(X). Note Y~(F) is partially ordered 
by C. Denote C by S and consider the system (4 (F), S). 


(i) Show (% (FH), S) is a (complete) lattice. Consider any collection in 
FA(F), {E,y; A € A}. 











(«) Consider U {ES >A €E A}. Note U {E2. AE A} € H(P)and 


U {E) ;A€ A} = sup {F,; A € A}. 


(8) Consider (M {E,;4 € A})®. Note (Q {E,;A E A))® © G(<F) and 
(1 {Ey;A € A})® = inf {E,;A € A}. 


(y) Consequently (% (FH), S) isa (complete) lattice. Denote this lattice 
by ¥. 


(ii) Show -¥ is distributive. (see Walker!5, p. 45.) 


(iii) Show Y is complemented. Consider any element of <% (_), E. Further, 
consider E’. Note E’€ &Y(F)and EV E’=XandE A EE = ¢. Hence FE’ isa 
complement of E. Hence 7 is complemented. Moreover, since -¥ is distributive, 


for every element of %(Z), E, E’ is the only complement of E; for this reason, E’ is 
called the complement of E; denote the complement of E by E*, 


Summarizing : ¥ is a (complete) lattice and _Y is distributive and complemented. 
Hence -Y is a (complete) Boolean algebra. is referred to as the (complete) Boolean 


algebra generated by & (FZ). This Boolean algebra is also denoted by F(Z) or by 
R(X). 


The following proposition refers to the Boolean algebra & (X). 

Proposition 2.1—Consider (IR (& (X)), W (ZB (X))). Then 

(a) For every element of G(X). E, W (E*) = W(E)’. 

(b) For any two elements of G (X), Fy. Fo,W (Ey V Es) = W (Ei) U W (Eo). 
(c) For any two elements of (xX), Fi, F2,W (Ey A Es) = W(E\) AW (Eo). 


PROOF : (a) Consider any element of F (X), E. Then, since E vy E*. 
Ef E* = 4, for every element of JR ( 
every element of IR(F(X)), ve 
W(E)’. Hence W (E*) = W (E)’. 


= X and 
R (X)), v,v(E) + v (E*) = 1. Hence for 
W(E*) > v(E*)=1ov(E)=0e ve 
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(b) Consider any two elements ; 
of A(X), a ; 
element of JR (&% (X)), v. (X), Fi, Eo. Further, consider any 


Note 
FE; V E2= E; V (E2 A EY ) and Ey A (Ez A EY) = 4. 
Hence, since v is additive, v(Ey V Eo) = v (Ey) + v(E2 A Ej*). 


Further, note Ez \ Ef = Ex A (Ei A E2)* and Ey /\ Eo S Ez. 


Hence, since v is subtractive, v (Eo / EF ) = v (Eo) — v(E1 A E2). 


3 Consequently v (£; V Eo) = v(E1) + v (E2) — v (Ei A £2). Hence v € 
(Ey V Ee) <> WE, V Es) = 1+ v (£1) = 1 or v (Eo) = 1 ~ v © W (Ei) U W (Ep). 
Hence W (E, V Eo) = W(E1) U W (22). 


(c) (Proof omitted.) 


The following four propositions are related to the description of the relationship 
between the collection of regular open sets of an arbitrary topological space and the 
collection of regular open sets of a subspace whose trace satisfies a certain “denseness”’ 
condition. (Although these propositions are generally known, we include them for the 
convenience of the reader, but omit their straightforward proofs.) 


Consider the following : any topological space (X, ©); any subset of X, Y, such 
that Y is dense in X; the topological space (Y, YM Q). 


Proposition 2.2 —For every element of O, O, cly (YN O) = Y 1 elx 0. 
Proposition 2.3—For every subset of Y, A, inty cly A = Y (™) intx clx A. 


ae Proposition 2.4— (i) For every regular open in X set O,Y ™ O is regular open 
in Y, 
*e A 
Mii) For every regular open in ¥ set O, there exists a regular open in X set O such 
thatO = Y() O. 


Proposition 2,5—There exists a one-to-one correspondence between the collection 
of regular open in X sets and the collection of regular open in ¥ sets. 


Observation : Since the complement of every regular open set is regular closed 
and vice versa, there exists a one-to-one correspondence between the collection of regu- 
lar closed in X sets and the collection of regular closed in Y sets. 


Next, we introduce a certain pair of Wallman spaces and a certain f unction re- 
lating these spaces and we devote the remainder of this section to the study of this 
function. 
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Consider the following : any set X; any lattice of subsets of X, #71, such that 
1 is normal, separating, and disjunctive; any lattice of subsets of X, #2, such 


that 
(1) ee a OF 
(2) #2= (F(t ¥1)), or 
(3) 2 = the Boolean algebra R (t 1); 


the Wallman spaces JR (_¥), IR (_¥2). 


Now, consider any element of /R (522),v. Further, consider {Z2 € 2/v (L2) 
= 1} and set {Lo © ¥o/v (Le) = 1} = By; AE A}. 


Next, note for every ¥ since B, C X and 71 is separating and disjunctive 


Beals 
(20) exists, (where By IR( 1) denotes the closure of B, in /R (_¥1)). Consider 
{By ” Reo = A}. 


Show - {By hi ect ; A € A} ~¢. Since /R (¥1) is compact, it suffices to 


IR(? 

show {B, (£1), ; A © A} has the Finite Intersection pe (F. I. P.) Accordingly, 
= IR 

IR(1) A Ba, (#1) ay 


consider any two elements of A, Aj, Ao, and show By, 


IR . 2 
(20 , g, IRC2) 


Note By, 1 By, C By, and By, N By, ¥ 4. 


Hence 
ot je a 
By RED 9 B, IRD og 
IR 
Hence {B, (41). ; A € A} has the F.I. P. Consequently M {By IR(1), A € A} 
# $. 


= R(L 

Show (By! 1), anes A} is a singleton. Assume the countrary. Consider 
any two elements of }) {B, (2° >A € A}, v1, ve such that py + pe. 

Observation : Consider any element of () (B, Rev), A € A}, pu. Now, con- 
sider any basic neighbourhood of »,W (A)’. Then for every A, since ne. fF) (B, Rv 
A & A}, By MW (A) $ 9; hence, since B,C X, (BRN X)NW (A's ¢; hence 
By 0 (X ia. W (A)') € ¢; ee since X (1 W(A)'’= A’, B, OV A'S ¢; hence By 
OA 144. Note A’ list -#1-regular closed. Hence, since Ce) Co eon 
2 = £ (FZ (t #))), or 2 = the Boolean algebra G (t 3), ¥ is tO E€ £2 
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—1 
Set A’ 1 E, Then E € #2 and foreveryA, By.) E#¢. Since {B, ; A € A} 
= {lo © £o/v(Le) =1} andv © IR (_¥2), {By ; A € A} is an ¥2-ultrafilter, Conse- 
quently E € {B);A € A}. Consequently v (E) = 1. 


Now, use the preceding observation as follows: Since 1 is normal and dis- 
junctive, /R (_/1) is regular and 72. Hence, since yi, po © JR (1) and pi F pe, 
there exist a basic neighbourhood of 1, W (A1)’, anda basic neighbourhood of pe, 


W (Ao), such that W(A1)’ 1 W (Ag)'’ = ¢. Consider any such W (A1)’, W (A2)’. Then, 
by the preceding observation, for every A 


By a'*) #4, 6 = 1,2. 


Set 
A bere Se fy tT). 


—_____ ——IR 
Then, by the observation, v (Ei) = 1, (i = 1, 2). Further, note W (At)’ D A! (#1 


t 


DA! (£1 _ ry (i = 1,2). Hence, since W (Ai) 1 Wa) = ¢, Ei Ea=#. Also, 


note, since v (Et) = 1, @ = 1,2), AO Ee + ¢. Thus a contradiction has been 


ey fo ; . 
reached. Consequently  {B) (#1), A © A} is a singleton. 


Now, set (Bp Re, ’ € A} = {x} and consider the function ¢ which is such 
that Dg = JR (—2) and for every element of JR (.%2), v, # (v) = ». 


Proposition 2.6—¢ is continuous. 


Proor : Consider any element of 7R (2), vo, and show ¢ is continuous at vo. 
Set ¢ (vo) = po. Consider any basic neighbourhood of yo, W(A)’, and show there 
exists a neighbourhood of vo, V, such that ¢ (V) C W(A)’. Since IR (1) is 
regular, there exists a basic neighbourhood of po, W (A1)’, such that W (Ax) C W (AY. 
Consider any such W (A3)’. 


(i) Assume t.¥1C £2. Then, since 41 € Li, Ai © 2. Consider the ele- 
ment of W (2), W(A1). Then W (A1)' is tW (_€2)-open. 


(~) Show W(A1)' isa tW (_2)-neighbourhood of vo. Since W (A1)' ist W (_¥2)- 
open, it suffices to show vo € W (A3)'. Assume vo & W (A1)’. Then vo (Ai) = 1. Hence, 
by the definition of %, po © Bee IR), Hence, since W (A1)’ is a neighbourhood 
of po, 41 MN W (A1)’ # ¢. Hence 41 1) A, # ¢. Since this statement is false, the as- 
sumption is wrong. Consequently vo € W (A1)’. Consequently W (A1)' is a tW (.2)- 
neighbourhood of vo. 
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(B) Show ¢ (W(Ai)') C W(A’). Consider any element of ¢(W(A1)’), ¢ (¥). 
Then vy (A, ) = 1. Hence, since v € /R (_¥2), there exists an element of 2, B, such 


that B C A, and v(B) = 1. Consider any such B. Then, by the definition of ¢, ¢(v) 


_1R(1).  IR(£1) 


EB Hence, since B C Aj ,#(v) EA} C W(Ai)'. Hence, since 


W (Ai)' C W(A)', (v) © W (A). Hence ¢ (W(A)') C W (AY. 
(y) Consequently W (A1)' is a tW (_2)-neighbourhood of vo and ¢ (W(A1)’) C 


W (A)’. Hence ¢ is continuous at vo. 
Hence ¢ is continuous. 
(ii) Assume 2 =  (&% (t ¥3)). 


Consider W (A1)’. Note W (Ay)' is regular open in JR (_¥1). Further, con- 
sider ¥ (1) W (Ai)’. Then, since X is dense in JR (_¥1), (by Proposition 2.4, (i)), X 


Set ¥ (1) W(Aj)’ is regular open in X. O (1) W (Apies O. Note O’ is regular closed 
in ¥. Hence O' € 2. Hence W (0’)'-which is equal to W (0)-is tW (¥2)-open. 


(«) Show W (0) isa tW (_2)-neighbourhood of vo. Since W (O) is tW (2)- 
open, it suffices to show vo © W(O). Assume vo & W(O). Then vo (O’) = 1. Hence, 
by the definition of % wo E o R41) . Hence, since W (Ai) is a neighbourhood of 
of po, 0" A W (Ay) + ¢. Hence (O' () X¥) () W (41) 4 ¢. Hence, since X¥ (1) 
W (41) =0,0 NOF ¢. Since this statement is false, the assumption is wrong. 
Consequently vo € W(O). Consequently W (O) is a t W (_2)-neighbourhood of vo. 

(8) Show ¢(W(O)) C W(A)’. Consider any element of ¢(W(O)), ¢ (v). Then 
v(O) = 1. Further, note since O is Open in X, ote 1 is regular closed (in Y). Hence 
of E 2. Consequently vO) = 1. Then, by the definition of ¢, 


shins ARCS) , IR(3) 


_tyPy _tP IR( £1) (3 
¢(v) € O . Note O Cc O ites Se 


IR(#1) 


~/R(¥1) —_—______—.0 ——_—___0 
O C. W (A})' » Since O C W (Aj)’ 


G 
= W (Aj)’, since W (Aj)’ is regular closed. 
C WA)’. Consequently ¢ (v) € W(A)’. Hence ¢ (W (O))(W CA)’. 


(y) Consequently W (0) is a tW (.5)-nei 
“neighbourhood of vo and ¢(W 
W (A)'. Hence ¢ is continuous at vo. Ne BO RE CC ate 
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Hence ¢ is continuous. 


(iii) Assume 2 = the Boolean algebra % (t_¥1). 


; t = 
(«) Consider A‘ 1 and set Vt = B. Set B* = By.Note Bt = (B*)* 
=B = A‘ t #1. Then, since W (A;)’ is a neighbourhood of jo, by the observation pre- 


ceding the definition of ¢, » (B[ ) = 1. Now, consider W (BT ). Then, by (Proposi- 
tion 2.1 (a)), W (BY ) =W (B,)’. HenceW (B? )E t(W(2))’. Further, note vo € 


W (BY ). Consequently W (BY ) is a t W(_2)-neighbourhood of vo. 


(6) Show ¢ (W (Bf )) C W(A)'. Consider any element of ¢ (W (BT )), $(). 
Then » (By ) = 1. Consequently 


th | 


v ( Ay ) = 1. Hence, by the definition of ¢, 


. gee) 
1 ty —IR(L1) 
¢(v) € A, . Note A; ext, & . Then 


Teedne  t 
174 —IR(£1) 
A, CA, C W(Ai)' C W(A)’. 
Consequently ¢ (v) € W(A)’. 


Hence ¢ (W(BT )) C W (Ay’. 


(~} Consequently WV (B* ) is a tW (_¥2)-neighbourhood of vo and ¢ (W (BF )) C 


W (A)'. Hence ¢ is continuous at vo. 

Hence ¢ is continuous. 

Proposition 2.7—If 2 is separating and disjunctive, then ¢ (X) = X, pointwise. 

Proor : Assume 2 is separating anh disjunctive. Denote the general element 
of X by x, the element of JR (1) which is concentrated at x by uz, and the element 
of IR (2) which is concentrated at x by pa. 


(«) Show ¢ (vz) = uz. Consider any element of .2, B, such that vz (B) = }. 
Then x € B. Consequently pr € pL) . Then, by the definition of ¢, ¢ (vz) 


—= Uz. 
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(B) Since is separating and disjunctive, X is (densely) embeddable in /R (2). 
Accordingly, embed X into /R (2). Then, because of («), ¢(X) = X, pointwise. 


§3. We continue the study of the function ¢ for the case 11 C £2. 


(It is to be remembered that for the definition of ¢, 1 is assumed to be normal, 
separating, and disjunctive.) 


Proposition 3.1—(i) ¢ is onto. 


(ii) If 1 semiseparates _¥’2, then ¢ is identical with the function which maps 
the general element of /R (_¥2) to its restriction to GZ (_¥1). 


Proor: (i) Consider any element of JR (_¥1), u, and show there exists an 
element of /R (_¥2), v, such that ¢d (v) = pw. Since 1 C #2, there exists an ele- 
ment of /R (_¥2), v, such that v | = p. Consider any such v. Show ¢ (v) = pz. 

RA (£1) 


Consider any element of _¥2, B, such that v(B) = 1 and show « € plk(ev 


=IR ; 
he B (1) Then there exists a basic neighbourhood of », W (A)’, such that B (1) 


W (A)’ = ¢. Consider any such W (A)’. Then BX) A’ = ¢. Hence BC A. Hence, 
since v(B) = land A € ¥2,v(A) = 1. Then, since =p, 6 (A) = I. 


Since » € W(A)', «4 (A) = 0. Thus a contradiction had been reached. Consequently 


— IR(t 
hHEB ( 1) Hence, by the definition of ¢, d(v) = ». Thus ¢ is onto. 


. Assume 


(ii) Assume 1 semiseparates o. 


Consider any element of 7R (_2), v, and set v) = pn. Show 
$ ( z " A (£1) = p. 
Proor : Since v € JR (2) and _Y semiseparates _¥», v | € /R(_¥3). 
ar Hav) 
ce, to show v | X (1) Hv, it suffices to show v | ( S pon _¥. Accor- 
dingly, consider any element of 3, A, such that v(4)=1 and show p» (A) = 1. Assume 


+ (A) = 0. Since v (A) = 1, by the definition of ?, he qi) and, since » (A) 
= 0, » © W(A)’. Hence A W(A)’ # $. Hence A 7. A’ # ¢. Since this statment 
is false, the assumption is wrong. Consequently » (A) = 1. Thus v | Spon 
1. Consequently v | pink = p. iene 
SLs) 
. ote Consider the function ¥ which maps the general element of JR (2) to 
its restriction to ZH (_~}4), The following statement is true : If £2 is is disjunctive and 
# (IR (2)) C IR (3), then semiseparates 9. (Proof omitted.) 

Remark 


Note : 


: The normality of _, is used in the proof. 


. Seen cian Consider any topological space X such that Y is T, and let 
oe Ses Bag = F, Note 1 is normal, separating, and disjunctive, ¢ ae <2, 
2 parating and disjunctive, Hence, by [(Proposition 2.6, (i)), Proposition 2.7 
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and (Proposition 3.1, (i))], 7R (1) is the continuous image of /R (_¥2) under a func- 
tion which leaves X fixed, pointwise, that is, /R (Z) is the continuous image of /R (F) 
under a function which leaves X fixed, pointwise, in other (standard) symbols, 8X 
Gillman and Jerison® is the continuous image of »X Wallman!¢ under a function which 
leaves X fixed, pointwise. 


(2) Consider any topological space X such that X is 7; and 0-dimensional and 
let 1 = Gand #2 = F. Note ¥1/is normal, separating, and disjunctive, t 71 
C 2, and _¥2 is separatin gand disjunctive. Hence, by [((Proposition 2.6, (i)), Pro- 
position 2.7, and (Proposition 3.1, (i))], 7R (1) is the continuous image of /R(¥2) 
under a function which leaves X fixed, pointwise, that is /R(@) is the continuous im- 
age of IR (#) under a function which leaves X fixed, pointwise, in other (standard) 
symbols, Bo (Banaschewski*) is the continuous image of »X¥ under a function which 
leaves X fixed, pointwise. 


§3. Consider any topological space X such that X is T, } and countably bound- 
ed and let #1 = Zand #2 = F. Note ¥ is normal, separating, and disjunctive. 
Moreover, since X is countably bounded, -¥71 semiseparates 2 (Nobeling!4). Then, by 


(Proposition 3.1, (ii)), ¢ is identical with the function which maps the general element 
of IR (F) to its restriction to FL). 


Theorem 3.2—If 1 separates 2, then ¢ isa homeomorphim between /R(_¥2) 
and /R (3). 


Moreover, if 2 is separating and disjunctive, then ¢ (X) = X, pointwise. 


Proor : Assume 1 separates 2. Then ¢is a one-to-one correspondence 
between /R(_¥2) and IR(_¥1). (See Proposition 3.1). Hence, since ¢ is continuous 
(see Proposition 2.6, (i)) and IR( #3) is Tz, ¢ is a homeomorphism between IR (2) 


and /R(_¥1). 

Further, assume _#2 is separating and disjunctive. Then ¢ (X) = X, pointwise. 
(See Proposition 2.7.) 

Applications—(\) Consider any topological space X such that X is T; and normal 
and let #71 = Zand #2 = F. Then, by Theorem 3.2, /R (F)and IR(Z) are 
homeomorphic, in other symbols, wX and 8X are homeomorphic. 


(2) Consider any topological space X such that X is T; and 0-dimensional and 
ultranormal (i. e., @ separates GF) and let ¥1= 6 and 2 = FY. Then, by 
Theorem 3.2, IR F and IR (@) are homeomorphic, in other symbols, »X¥ and BoX 
are homeomorphic. 

Observation : Since X is T; and ultranormal, X is 7; and normal, Hence wX 
and BX are homeomorphic. (See the preceding application.) Consequently any two 
of the topological spaces, wX, BX, BoX are homeomorphic. 
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Theorem 3.3—(i) If 1 is countably paracompact, then ¢ (/R (ce, ¥2)) C 
IR (0, 1). 


(ii) If 1 semiseparates 2 and _¥2 is 1-countably bounded, or _¥2 is _¥°1- 
countably paracompact, then /R (o, 1) C ¢(/R (c, ¥2)). 


Proor: (i) Assume _¥ is countably paracompact. Consider any element of 
¢ (IR (c, ¥2)), d(v). Set¢d(v) =». Note to show » € /R(c, 1), since p € 
IR (1), it suffices to show for every sequence in 1, <An>, if <An> is decreasing 
and lim An = ¢, then lim » (An) = 0. Accordingly, consider any sequence in 74, 

n n 


< An>,such that... and show limp < An > =0, Assume lim p (An) + O. 
n n 
Since (< An >is in 1 and < An > is decreasing and lim An = ¢) and ¥} is 
n 


countably paracompact, there exists a sequence in #1, < Cn >, such that 


for every n, An C C) and <C’ > is decreasing and lim C; = ¢. Consider any 


n 
such <Cn>. Since <An> and <Cn> arein _¥; and 4 C £72, <An> and <C,> 


are in £72. Then, since y € JR (6,_¥2,) lim v (C’ )=0. Hence there exists a value of n, 


m, such that v (C’, ) = 0. Consider any such m. Then v (Cm) = 1. Hence, by the 
TR(#1) 


m 


definition of ¢, n» € C Since lim » (An) ~Op (Am) = 1. Hence, since 
n 


HimCcC ,p (C’ = 1. Hencep € WC ). Hence, since p € oe »>C§m 


W (C1) Ad. Hence Cm Ci, #¢. Since this statement is false, the assumption 
is wrong. Consequently lim (An) = 0, Consequently » € IR(c, 3). Thus 
¢ (IR (6, 2)) C IR (c, 4). 


. (ii) Assume # semiseparates 2 and 2 is -£1-countably bounded, or £4 
is ~'1-countably paracompact. Since semi-separates 2,4 coincides with the 
function which maps the general element of IR (2) to its restriction to H (£1) 


Then the proof of the statement JR (5, £1) C ¢ UIR(c; -£2) is well-known 


Note: i i i 
ae os = ORD Istrue: If 2 is -£-countably bounded, then 
2 PROOF : Assume £ is 1-countably bounded. Since £1 is disjunctive, JR (6 
1 d. C onsider any element of JR (s, ¥ 1), w. Then, since ¢ is onto, by (P 
ee ee (i)), there exists an element of JR (£2), v AE that ¢ (v) re Cuties 
any such vy. i , se 
ae Note to show vy € IR (sc, 2), sincev € IR (£4), it suffices to show 
y Sequence in 2, <Bn>, if <Bns is decreasing and lim Bn = ¢, then lim v 
n 


. . 25 
consider any sequence in £2, <Bn>, such that...and show lim v 


n 


(Bn) = 0. Accordingly, 
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(Bn) = 0. Assume iim vy (Bn) #0. Since (<Bn)> is in 2 and <Bn> is decreasing 

and im Bn = $) and 2 is ¥1-countably bounded, there exists a sequence in 1, 

<An>, such that for every n, Bn C Anand < An> is decreasing and lim An = ¢. Con- 
n 


sider anysuch <An>. Note for every n, since lim v (Bn) 4 0 and v € /(_¥2) and 
n 


ead ot 1 thers byltho definition of dy: —s GY EB » ; 


—IR IR 
further, note B, (#1) aay, Th (#1) C W (An), since Bn C An and An € _¥1; conse- 


quently » € W (An); hence » (An) = 1. Hence lim » (An) = 1. Further, note, since 
n 
(<An> isin 1 and <An> is decreasing and lim An = $) and » € /R(, f}), lim 
n n 


uw (An) = 0. Thus a contradiction has been reached. Consequently lim v (Bn) = 0. 
n 


Consequently v € /R(o, 2). Hence /R (o, 1) C ¢ UR (4, ¥2)). 


Colollary 3.4—If 1 is countably paracompact and 2 = t¥1, then 1 is 
replete > _2 is replete. 


Proor : Assume _/1 is countably paracompact and 2 = ¢ £1, Further, 
assume 1 is replete. Note to show _¥2 is replete, according to the definition of 
repleteness, it suffices to show for every element of JR(#2), v, if vE IR (6, £2), 
then S (v) 4 ¢. Accordingly, assume JR (s, 2) # ¢ and consider any element of 
IR (2, 2) v. Consequently ¢(v) € IR (c, 1). Hence, since 1 is replete, 
S (¢ (v)) # ¢. Hence there exists an element of X, x, such that 4 (v) = pa (and, since 
-¥1 is separating, x is unique). Now, consider the element of J (£2) which is concen- 
trated at x and denote it by vz. Show v = vz. Since v € /R (_¥2), it suffices to show 
y <vzon £2. Accordingly, consider any element of 2, B, such that v(B) = 1. 


a IR = : 
Then, by the definition of ¢, px = ¢ VE piRLv | Note XQ B ($1) _ pi 


Moreover, since BE 2 and ¥2=1 ¥1,BEt ¥1. Consequently x € B. 
Hence vz (B) = 1. Consequently v S vz on ¥2. Consequently v=vz. Hence S (v) # ¢. 
Consequently 2 is replete. 


Note: The statement “If 2 is #1-countably bounded, of Peis $1-coun- 
tably paracompact, then 2 is replete > 1 is replete” is true regardless of whether 
¥; is normal, separating, or disjunctive. Fora proof of this statement and related 
applications, see Bachman and Stratigos? (pp. 543, 544). 


Applications—(1) Consider any topological space X such that X is V3 and let 
1 = Zand 2 = F. Then, by Corollary 3.4, Zisreplete > F is replete; 
otherwise stated : X is realcompact > X is a-complete. (see Gillman and Jerison® and 
Dykes® for the terminology used.) 





* Since 7} is countably paracompact, by (Theorem 3.3, (i), $ IR (o.f_ 3) C IR(, Fy): 
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(2) Consider any topological space X¥ such that X is 7; and O-dimensional and 
let 1 = G and ¥’2 = GY. Then by Corollary 3.4, © is replete > & is replete; 
otherwise stated : Y is N-compact!! > X is «-complete. 

Remark: The results described above were obtained earlier under a different 
setting? (p. 543). 

§ 4. We continue the study of the function ¢ for the case _ 2 = ¥ (F&F (tY)). 

(It is to be remembered that for the definition of ¢, 1 is assumed to be normal, 
separating and disjunctive.) 

Proposition 4.1—¢ is onto. 

Proor : Consider any element of JR (_¥3), », and show there exists an element 
of JR (¥2), v, such that ¢(v) = p, 

Consider the set whose general element is an element of W(_1)', W (A)’, such 
that » EW(A)’. Denote this set by {O,; A € A}. Note for every A, okey) is 


tW (_¢")-regular closed; hence, by (Proposition 2.4 (i), XN one (£1) is (1) 
regular closed; hence XY ( oR) E€ £2. Consider {X¥ AJ oR) ;AE A}. 


Show it isa base foran »-filter. Note for every A, X () of) 65 GE #55 


#~ %, since» € Oy, © W(_¥})' and X is dense in IR (1). Further, note for any two 
values of A, Ax, Ao, (X 1) Ones) (XA of RH) wth (OTR), of R(-#1) 
1 a 1 


Ae TR 7) 
DX10.,9 Oy (21 and p € QO), (1 O,, € W(A)’. Consequently {¥ N 


aIR(_¥1) . 
0, ; A€ A}isa base for an _¥»-filter. Therefore there exists an element of 


IR (2), v, such that for every A,v(X J 0 R(¥1)) = 1. Consider any such v. Then 


5 R(1) 
{¢ (v} = 9 {B (21 IB © 2 and v (B) = Jj, by the definition of ¢ 
con olRen) | | pIR(~ 0) , 
2 ;A € A}, since for every Av (X¥ 1) 0, )=1, = {pn}, since 


aIR(_¥1) 
aad Oa >A € A}and/R (¥)) is regular and 7», 


Hence ¢ (v) = p. 

Hence ¢ is onto. 

A pplication — Consider any topological space XY such that XY is T.. and let 1 
= Zand 2s = Fr. ‘: 


The following fact appears in Walker!5 (p. 


10): Every T:-compactification of 
X is ine continuous image of BY under a mapping which leaves X fixed, pointwise. 
(%) Note since Y is T 


nen 3}? Fr is separating and disjunctive. Hence JR (Fr) is 
a compactification of Y. Further, assume Gp is normal, Then, since Fe is dis- 
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junctive, 7R (Fr) is Tz. Consequently JR (Fr) is a To-compactification of X. Then, 


by the fact mentioned above, 7R (Fr) is the continuous image of BY under a mapp- 
ing which leaves X fixed, pointwise. 


(3) By Proposition 4.1, [Proposition 2.6, (ii)], and Proposition 2.7, JR (Z) 


(= 8X) is the continuous image of /R( Fr) under a mapping which leaves YX fixed, 
pointwise. 


(y) Consequently /R( Fr) and BX are homeomorphic. (The proof of this 
statement involves a standard ‘“‘denseness’’ argument.) 


(5) The following statement is also true: If JR (Fr) and PB X are homeomor- 
phic, then 7R (Fr) is T2 and, since Fr is disjunctive, Fr is normal. 


Remark : This result was also established by Zaicev!’, under a different setting. 
(Zaicev calls such spaces in which Ya is normal quasi-normal and uses the notation 
IR(FrR) = Wa (X.) 

Proposition 4.2—If 1 separates t.¥1, then ¢ is one-to-one. 


Proor : Assume _¥1 separates f_1. Consider any two elements of /R (£2), 
v1, v2, such that v1 ~ ve and show ¢(v1) + ¢(v2). Note to show ¢(v1) + ¢ (v9), 
according to the definition of ¢, it suffices to show there exist two elements of 2, Bi, 


zs ey : 
Bo, such that vy; (By) = | and ve (Bo) = | and Be 1 fos = ¢. Since 


v1, vo € IR(¥2) and v1 + v2, there exists two elements of 2, Bi, Bo, such that vs 
(Bi) = 3 (i, 7 = 1, 2) and Bi M Be = ¢. Consider any such Bi, Bg. Then, since 1 
separates f_1, there exist two elements of 1, A1, 42, such that By C A1 and Be C 


IR _1R(1) 
Ao, and Ay () Ao = ¢. Consider any such Ax, 4g. Then B, (271), B, (71 


c tae NM pai C W (A1) MN W (Ag) = W (A 1) Ao) = W(4) = ¢. Hence 


pied , piR(£1) 
1 


‘ams = 4. Consequently ¢ (v1) ~ ¢ (v2). Hence ¢ is one-to-one. 


Theorem 4.3—If 1 separates 1, then ¢ is a homeomorphism between 
IR(¥2) and IR(_#1). 


Moreover, if 2 is separating and disjunctive, then ¢ (X) = X, pointwise. 


Proor : Assume .¥1 separates t.¥1. Note ¢ is onto (Proposition 4.1). Further, 
note, since 1 separates t £1, ¢is one-to-one (Proposition 4.2). Consequently ¢ 
is a one-to-one correspondence between /R (2) and IR(¥1). Hence, since ¢ is 
continuous (see Proposition 2.6. {ii)) and /R (1) is To, gis a homeomorphism 
between JR(_2) and IR(_1). 


Further, assume 2 is separating and disjunctive. Then ¢ (X) = X, pointwise. 
(See Proposition 2.7). 

Observation : Since JR(1) is normal, /R (2) is normal. Consequently £2 
is normal. 
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Applications —(1) Consider any topological space X such that X is 7; and nor- 
mal. Note Xis 7,,. Hencet@= F. 


34 
Let 
1 = Zand 2 = £ (R(t¥1) 3S Fx. 


Note, since XY is normal, 1 separates ¢ 1. Then, by Theorem 4.3, IR(¥2) 
and JR(_¥1) are homeomorphic, in other symbols, “« X and 6 X are homeomorphic. 


Further, note 2 is separating and disjunctive. Then, by Proposition 2.7, 
¢(X) = X, pointwise. 


(2) Consider any topological space X such that X is Tj and O-dimensional and 
ultranormal (i. e., @ separates FY). Since X is T; and 0-dimensional, ('@ = F. 


Let £1 = Gand £2 = £(F (t¥))). (Note ¥(A(te)) = Fr). 


Note, since X is ultranormal, -£4 separates t¥1. Then, by Theorem 4.3, 
IR (2) and /R (_1) are homemorphic, in other symbols, oz XY and @o X are 
homeomorphic. 


Observation : Under the above conditions, any two of the topological spaces 
wo X, BX, BoX, on» X are homeomorphic (see Application 2 after Theorem 3.2.) 


The following definition will play an important role in the sequel. 


Definition—t _? is 1-weakly countably bounded iff 2 (= ¥ (&% (t #3))) 
is _°\-countably bounded. 


Example—Consider any topological space X such that X is T, ; and let ¥) = @. 


Note 2 = Fr. Then, according to the preceding definition, DF is Z-weakly 
countably bounded iff Fr is Z-countably bounded. Y is said to be weakly countably 
bounded iff FY is Z-weakly countably bounded. 


Theorem 4.4—(i) If 3 is countably paracompact, then ¢ (JR (co, ¥9)) 
C IR (s, -3)). 


(ii) If t 4 is -£1-weakly countably bounded, then JR (o, 1) C $ UR (6, 
£2)). 


PRoor : (i) Assume _?} is countably paracompact. Consider any element of 
¢ (IR (a, £2), (v). Set ¢ (vy) = p. Note to show » E IR(c, £3), since p € 
IR (£1), It suffices to show for every sequence in 1, <An>, if <An> is decreasing 
and fim An = ¢, then eA bh <An> = os Accordingly, consider any sequence in _¥4, 


<An>, such that... and show lim = i 
im 4 <An> = 0. Assume lim # (An) 4 0. 
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Since <An> isin ¥7; and <An> is decreasing and lim An=¢ and _? is coun- 
n 


tably paracompact, there exists a sequence in 71, <Cn>, such that for every 7, An CCY 


and <C) > is decreasing and lim C, = ¢. Consider any such <Cn>. 
n 


Note for every 7, since An C Ci and _¥} is normal, there exist two elements 
of 71, Dn, En, such that dn C D’ and Cn C E,and DE, = ¢; consider any 
such Dn, En; then An C Di C En CC). 

n n n n 
Hence for every n, ia) AtC a) D; Cc ie Bc a Cc ; hence, since <Am> 


n n n 
is decreasing and<C’, >is decreasing, An C ae BS a4 FiC C’; note Ra D; 


I 


n j n n n A 
( U Dt ) and U mE ¥1 | and () Et € £1; set Se Di = Dn and 
| ta? | = 


1=1 =] 





n A A A A A 
Ei = En; then An C Di) C En C C, ; consequently dn C D Giky Cet 4 
i=l 

Consider <D) >. 

Aw A 

(a) Note =D. > isin £» and <D. > is decreasing and, since for every 7, 
LA. : yy ; 
Di, G Ch and lim Ci. =i ¢, lim Da) $. Hence, since v € /R (co, ¥2), lim 

— 

v(D) = 9. 


(8) Since lim p (An) # 0 and wE/ (1) and <An> is decreasing, for every 7, 
n 
A A A 
yp (An) = 1; hence, since An C D. th (Di, =]; hencep € W(D, ); consequently 


v (D. ) = 1, (See the observation preceding the definition of ¢). Hence 


— 
lim v (Di) = 1. 

(y) Thusa contradiction has been reached. Consequently tim pp (An) = 0, 
Consequently ¢ (v) € IR (se, 1). 


Hence ¢ (IR (s, 2)) C IR (3, 1). 
(ii) Assume t #1 is ¥1-weakly countably bounded. 
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Consider any element of /R (c, _¥71), ». Then, since ¢ is onto, by Proposition 
4.1, there exists an element of /R (_¥2), v, such that 4 (v) = ». Consider any such v. 
Show v € IR (sc, 2). Note to show vy € /R(o, 2), since v € IR(2), it suffices 
to show for every sequence in #2, <By>, if <Bn> is decreasing and ie Bn = 4, 


then lim v (Bn) = 0. Accordingly, consider any sequence in 2, <Bn>, such that 
n 
.. and show lim v (Bn) = 0. Assume lim v (Bn) 0. 
n n 
Since t_£} is _°1-weakly countably bounded and <Bn> is in #2 and <B,> 
is decreasing and lim &n = ¢, by the relevant definition, there exists a sequence in 
n 
1, <An>, such that for every n, 3n C Anand <An> is decreasing and lim An = ¢. 
n 
Consider any such <An>. Then, since u € IR (co, 4), lim u (An) = 0, Conse- 
n 
quently there exists a value of n, m, such that 1 (Am) = 0. Consider any such m. 
Now, note since lim v (Bn) # 0 and v € I(¥2) and <Bn> is decreasing, 
n 
v (Bm) = 1. Hence, by the definition of ¢pE Be (41) ; 


# (Am) = 0, » (Am’) = 1. Consequently » € W(Am)’. Thus W (Am)' is a neighbour- 
hood of ». Consequently Bm W (Am) < ¢. Finally, note, since Bm C Am 
C W (Am), Bm 1 W (Am)' = ¢. Thus a contradiction has been reached. Conse- 
quently lim v (Bn) = 0. Consequently v € IR (co, 4). 

n 


Further, note, since 


Thus /R (s, 1) C $ (IR (oc, $2)). 


Application—Consider any topological space X such that XY is Tr’, and weakly 


countably bounded and let 1 = Z Note , is countably paracompact. Then, by 
Theorem 4.4, 46 (IR (cs, ©2)) = IR(s, £3), that is ¢ (JR (c, Fr)) = IR (cs, Z); 
otherwise stated : ¢(IR(s, Fr)) = v ¥ (Gillman and Jerison9), 


Next, we introduce a suitable setting for further applications of Theorem 4.4. 
Consider the background of the definition of ¢ with £2= £(Z(t#})). 


35 Observation 1: Consider any element of JR (1), uw. Since ¢ is onto (Propo- 
sition 4.1, there exists an element of JR (2), v, such that ¢ (v) = pn. 


Consider 
any such v and of the type considered in Proposition 4.1. Note 


Sw=O{BE -£2/v (B) = 1}, by the definition of support, 


~—-IR (3) 
SR Oe. ey : ; AE A}, (see the proof of Proposition 4.1), 


——IR 
- X11 {0) (Sv. yen 
sanaaia tis}. 
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Case |1—p» € xX. Then there exists an element of Y, x, such that » = pz (and, 
since _¥7; is separating, x is unique). Now, consider the element of / (2) which is 
concentrated at x and denote it by vz. Note v = vz. (See the proof of Corollary 3.4). 
Hence {x} C S(v). Moreover, since S(v) C X¥ () {nu} and » = pz and S (pn) = {x}, 
S(v) C {x} = S(w). Thus S (v) = {x} = S (y). 


Case 2—u & X. Then S(u) = ¢. Moreover, since S(v) C X¥ 1 {pu} and 
X 1 {p} = 4, S(v) = ¢. Thus S (v) = ¢ = S (yp). 


Consequently S(v) = S (vy). 


Observation 2: Consider any element of /R (2), v. Further, consider ¢ (v) 
and set ¢(v) = p. 


(x) Assume S(v) = ¢. Check S(u) = ¢. Assume S(u) ~ ¢. Consider any 
element of S(u), x. Then, since » € IR(¥1), »= ps2. Note v = vz. (see 
Observation 1). Hence S(v) # ¢. Since this statement is false, the assumption is 
wrong. Consequently S (u) = ¢. 


(B) Assume S (yn) = ¢. Check S(v) # 4. Assume S(v) # ¢. Consider any 
element of S(v), x. Then, since v€ JR(¥2), v= vz. Hence p= par (See 
Proposition 2.7 (a)). Hence S (u) + ¢. Since this statement is false, the assumption 
is wrong. Consequently S (v) = ¢. 


() Thus S(v) = ¢ iff S(u) = ¢. 


Corollary 4.5—(i) If 1 is countably paracompact, then _¥71 is replete > 2 
is replete. 


(ii) If t #3 is #1-weakly countably bounded, then 2 is replete > 11s 
replete. 

Proor : (i) Assume 1 is countably paracompact. Further, assume 71 is 
replete. Note to show 2 is replete, according to the definition of repleteness, it 
suffices to show for every element of /R (2), v, if v € IR (so, ¥2), then S(v) # ¢. 
Accordingly, assume /R (c, 2) ~¢ and consider any element of IR (so, 2), v. 
Since 1 is countably paracompact, by [Theorem 4.4, (i)], ¢ UR (6, £2)) 
Cc IR (sc, £1). Consequently ¢ (v) € IR(o, 1). Hence, since 1 is replete, 
S (¢ (v)) # ¢. Then, by Observation 2, S(v) #¢. Consequently 2 is replete. 


(ii) Assume t #1 is 1-weakly countably bounded. Further, assume -¥2 is 
replete. Note to show -/ is replete, according to the definition of repleteness, it 
suffices to show... Since ¥1 disjunctive, /R (c, “4) ~#¢. Consider any element 
of IR (s, 1), ». Since t.¥1 is ¥}-weakly countably bounded, by (Theorem 4.4, 
(ii)), IR (9, £1) C ¢ (IR (c, -2)). Consequently » € ¢ (IR (c, 2)). Hence there 
exists an element of /R (¢, 2), v, such that ¢ (v) = p». Consider any such v. Then, 
since 72 is replete, S (v) # #. Moreover, by Observation I, S (v) = S(p). Conse- 
quently S (u) # ¢. Consequently -¥1 is replete. 
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Application—Consider any topological space X such that YX is acy and let 
Fy = Sand 2 =" FR. 


(a) Then, by (Corollary 4.5, (i)), Z is replete > Fr is replete; otherwise 
stated: X is realcompact > Fr is replete. 


(b) If X is weakly countably bounded, then, by (Corollary 4.5, (ii)), Fe is 
replete > X is realcompact. 


(c) Consequently, if X is weakly countably bounded, then X is realcompact 
<> FrRis replete. 


(d) X is Lindeléf > & is Lindeléf > Z is replete = Fr is replete. (See (a)). 


§5. Definition—Consider any topological space X such that X is Fae X is 


c-realcompact iff for every element of 6X, p, if mE BX — X, then there exists a 
sequence in & (8X), <Kn>, such that <Kn> is decreasing and » € (\ Kn C BX —X., 
n 


Remark ; This definition is given by Hardy and Woods!9 and is proved by 
them to be equivalent to the definition given by Dykes®. 


The following theorem describes the relationship that repleteness of Fr (for a 
T, j space X) bears to c-realcompactness of Y. 

Theorem 5.1—Consider any topological space X such that X is Ts) ot lf mis 
replete, then for every element of 8X, ,, if Bh €& BX — X, then there exists a 
sequence in ¥ (&% (BX)), <Kn>, such that <Kn> is decreasing and » € (1) Kn C 
BX — X. n 

PrRooF : Assume Ya is replete. Further, assume BY — ¥ + @ and consider 
any element of BY—X,y. Since » € BX (= IR (Z)) and ¢ is onto (by Proposition 4.1), 
there exists an element of /R (Fr), v, such that ¢(v) = wu. Consider any such v. 
Then, since » € BX — X, by Proposition 2.7, v € IR (Fr) — X¥. Hence, since 
Fr isteplete, v & IR(s, Fr). Hence there exists a sequence in Fr, <Fn>, such 
that < Fn> is decreasing and lim Fn=¢ and lim v (Fn) % 0. Consider any such <Fn>. 

n n 


Since <Fy> is in Fr, on the basis of (Proposition 2.4, (ii)), there exists a sequence 

in £ (F (BX)), <Kn>, such that for every n, Fn = X¥ (1) Kn. Consider any such 

<Kn>. Since <Fn> is decreasing, assume <Kn> is also decreasing, without loss 

of generality. Now, show N Kn C BY — X¥. Note (NX Kr) OX=O2 (XO Kn) 
n 


= a) Fn = ¢, since <Fn> is decreasing and lim Fn = ¢. Hence ( Kn CBX — X. 
n n 


Finally, show » € nN Kn. Assume » & 1) Kn. Then there exists a value of n, m, 
n 


such that » & Km. Consider any such m. Then, since li 


m v (Fn) + O andy € (Fr) 
and <Fn> is decreasing, v (Fm) = 


1. Hence, by the definition of ¢,u=¢ (VE Fae 
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Since » & Km and Km is closed in BX, K’, is a neighbourhood of ». Consequently 


Fm (\ K), #4. Further, note, since Fm = X (\ Km, Fm (\ K,, = $. Thus a 


contradiction has beenreached. Consequently » © ™ Kn. Summarizing: <Kn> is in 
¥ (F(8X)) and <Kn> is decreasing and » € (\ ae 8X — X. 

The preceding theorem suggests the paren : 

Definition—X is strongly c-realcompact iff Fr is replete. 

Corollary 5.2—If X is realcompact, then X is strongly c-realcompact. 


Proor: Assume Yis realcompact. Then Fr is replete. (See Application 
following Corollary 4.5.) Hence, by the preceding definition, X is strongly c-real- 
compact. 

The following definitions will be needed in Corollary 6.3. 


Definition 1—Consider any set XY and any lattice of subsets of X¥, ¥. ¥ is 
almost replete iff for every element of /(¥), p, if » € IR(2') ON 1 (6*, ), then 
S (pn) # ¢. 


Definition 2— Consider any topological space X. YX is almost realcompact iff F 
is almost replete’. 


Corollary 5.3—Consider any topological space X such that X is Ts): [inuX~ 38 
almost-realcompact, then X is strongly c-realcompact. 

Proor : Assume X is almost-realcompact. Note to show X is strongly c-real- 
compact, according to the relevant definition, it suffices to show ris replete, that 
is, for every element of IR(Fr), pv, if w € IR(s, Fr), then S(u) #4. Since 
Fr is disjunctive, IR (¢, Fr) # 4. Consider any element of IR (o, Fe), v, and 
show S(v) #¢. Since we IR(Gr) and FrE€ GF, there exists an element of 
IR (GF), v, such that v|F (Fr) = pv. Consider any suchy. Then S(v) C S (p). 
Hence to show S(v) #¢, it suffices to show S(v)# ¢ Since v€ I(F), 
vy € 1(@). Hence there exists an element of JR(Q@), A, such that vS dh on OG. 
Consider any such A. ThenA <von FG. Since X is T 3) , F is regular. Conse- 
quently S(v) = S (A). Hence to show S(v) # ¢, it suffices to show S(A) # ¢. 
Note to show S (A) # ¢, sinceA € JR(Q@) and X is almost-realcompact, it suffices to 
show A € I (s*, F). Accordingly, consider any sequence in FY, <Fn>. such that 
<Fn> is decreasing and lim Fn = ¢ and show lim A (Fn) = 0. Note for every 7, 

nn n 


A (Fn) = A (F° ), since A € IR(Q) 


SA(F,) 


(equation continued on p. 1064) 
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IW 


v (F?), sinceA S von FY 


(Fo ), since /F(Fr) = uw. 


I 


Now, consider <h >. Note <F) > isin rand, since <Fn> is decreasing, <F > 


is decreasing, and, since for every n, Fe C Fn and lim Fn = ¢, lim FE = 9%. Hence, 


since » € J (o*, Fr), lim» (F,) = 0. Consequently lim A (Fn) = 0. 


Consequently X is strongly c-realcompact. 


The following theorem describes the relationship that c-realcompactness of X 
bears to repleteness of Fr. 


Lemma 5.4 (Corollary 2.2 of Bachman and Stratigos*)—Consider any set X¥ 
and any lattice of subsets of X, , such that _¥ is separating and disjunctive. Then 
is replete iff for every element of JR (£), », if » € IR(Y) — X, then there 
exists a sequence in W(_¥), <W (Ln)>, such that <W(Ln)> is decreasing and 
Be TVW (Ley CTRL) — a. 

n 


Theorem 5.5—Consider any topological space X such that _X is TF - If X is 


c-realcompact and weakly countably bounded, then Fr is replete. 


Proor : Assume X is c-realcompact and weakly countably bounded. Note to 
show Fr is replete, since Fis replete => Pr is replete (Application following 
Corollary 4.5), it suffices to show is replete. Further, note to show Zis replete, 
according to Lemma 5.4, it suffices to show for every element of BY (= IR (Z)), n, if 
» © BX — X, then there exists a sequence inW(Z), <W (Zn)>, such that <W (Zn)> 
is decreasing and » € » W'{Za) © BX ae yy: Accordingly, assurne BY — X 4 g and 


consider any element of BX — X, wp. 


> 


ae ‘Then, Since X is c-realcompact, by the relevant definition, there exists a sequence 
in 2 (BX), <Kn>, such that <Kn> is decreasing and p € A Ky C BX — X. Consider 
n 


any such <Kn>. Note for everyn, since Kn € F(X), Kn = Re and Kk? Caviryike 
n > 


since X is dense in BY and k° is openin BX, CX) Kn; since Kn € & (Xx), 
X11) Kn€ R(X); set X A Kn = En. 


ar Consider <En>. Note <En> is in R(X) and, since <Kn> is decreasing, <En> 
is decreasin j i i i 
Ing and, since Nn Kn C BX — X, lim En = ¢. Hence, since X is weakly 
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countably bounded, there exists a sequence in 47, <Zn>, such that for every n, En C Zn 
and <Zn> is decreasing and lim Zn = ¢. Consider any such <Z»>. 
n 


Then for every n, Kn = kK? C En C Z C W(Zn). Consider <W(Zn)>. Note 


<W (Zn)> is in W (2) and, since <Zn> is decreasing, <W (Zn)> is decreasing, and 
un E01) Kn C 1\ W(Zn) C BX — X, since lim Zn = ¢. Consequently @ is replete. 
n n n 


(Thus a measure-theoretic proof of Dykes’® Theorem 3.1 has been obtained). 
Consequently Fr is replete. 


Note : The following statement is true: If X is extremally disconnected, then 
X is weakly countably bounded (Maesel2, Theorem !1). 


Consequently the following statement is true: If X is c-realcompact and 
extremally disconnected, then &-z is replete. 


We shall give a direct, measure-theoretic proof of this fact. 


Assume X is c-realcompact and extremally disconnected. Note to show Fr is 
replete, according to Lemma 5.4, it suffices to show for every element of 1R (Ff R), Ys 
if v € IR(Fr) — X, then there exists a sequence in W (Fr), <W (Fn)>, Such that . 
<W (Fn)> is decreasing and v € ()W (Fn) C IR(Fr) — X. Accordingly, assume 

n 


IR (Gr) — X #¢and consider any element of IR(Fr) — X, v, and show there 
exists a sequence in W(Fr), etc. Consider ¢ (v) and set ¢ (v) = p. Show p € BX — X. 
Assume + & BX — X. 


Then » € X. Hence there exists an element of X, x, such that » = Hz, (and, 
since Z is separating, x is unique). Consider the element of /(F r) which is concen- 
trated at x and denote it by vz. Then v = vz (Review the proof of Corollary 3.4). 
Since v € IR(Fr) — X, this statement is false. Consequently » € BX — ¥. Hence, 
since X is c-realcompact, there exists a sequence in % (BX), <Kn>, such that <Kn> is 
decreasing and » € () Kn C 8X — X. Consider any such <Kn>. 

n 


Now, consider <¥ ( Kn>. Since <Kn> is in % (BX), on the basis of (Proposi- 
tion 2.4, (i)), <X © Kn> is in %(X), which is contained in Dr. Consider 
<W (X ()\ Kn)>. Since <Kn> is decreasing, <W (X Kn)> is decreasing. Moreover, 
sare ory kat BX — 2. (i 07 (X 0) Ka) C IR (SR) —, x; Finally, show 

n n 


» E NW(XO Kn). Assume v & 1 W(X Kn). Then there exists a value of 
n n 


n, m, such that v & W(X 0) Km). Consider any such m. Then there exists an 
element of Zr, B, such that BM (X M Km) = ¢ and v (B) = 1. Consider any such 
B. Then, by the definition of ¢, » € Bx, Further, note, since B 1) (X ™ Km) = ¢ 


3 a Ra oBX 
and BC X,BO\Km=¢. Hence BPC BX — Kn = BX —K,°. Hence, 
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: D 0 BX 
since p © BOX, pa K . 


Since Y is extremally disconnected, by (Wallman!®, p. 284, Proposition 10.47), 
BY is extremally disconnected. Hence, since Km € -/ (BX), Km is open (in BX). 


Hence Rare = Km. Hence, since » & js os u & Km. Since p € 1 Kn, p € Km. 


™m 


Thus a contradiction has been _ reached. Consequently v € (\ W (X () Kn). 
n 


Summarizing : <W(X (Q Kn)> is in W(Fr) and <W (X CA Kn)> is decreasing and 
vE W(X 0 Kn) C IR(Fr) — X. 
n 


Consequently Fz is replete. 
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1. INTRODUCTION 


Swan modules determine a canonical subgroup of the locally free classgroup of a 
group ring. In fact, this subgroup is contained in the kernel group, i.e. Swan 
modules are free over maximal orders. In this note we consider Swan modules over 
certain non-maximal orders. Motivation for studying such Swan modules is provided 
by Galois module structure problem in Taylor!® where a certain generalised Swan 
module is shown to be the obstruction to the freeness of ring of integers over its 
associated order. 

Let G be a group of ordern. Weset 2=X= 2B g, the sum of all group 


Go. .geG 
elements in the group ring ZG. For each integer s relatively prime to 7, we define a 


Swan module 
<s,lt>=s-7G+2- ZG 


a two-sided locally free ZG-ideal. Swan modules were introduced in Swan’. We 
remark that some authors use a different definition of Swan module, for instance see 
Gruenburg and Linnell?. 


Each Swan module determines a class of C/ (ZG), the locally free classgroup of 
ZG. Itis well known that the set of all Swan classes form a finite subgroup T (ZG) 
of Cl (ZG), called the Swan subgroup of Cl (ZG) (cf. Curtis and Reiner?.) The locally 
free classgroup C/ (ZG) is defined as the subgroup of elements of zero rank in Ko (ZG), 
the Grothendieck group of finitely generated, locally free ZG-modules. 


We now present the Galois module structure problem discussed in Taylor!®. For 
a number field M, we write Ow for its ring of integers and for any ring R we write 
(a, b) R for the right ideal aR + bR. Let Kbea quadratic imaginary number field 
with discriminant less than —4. Moreover, assume that prime 2 splits in K/Q. Let 
F = Ox denote a non-ramified, principal prime ideal of Ox, where A= + 1 mod 
AQ We fix positive integers r > ™ and let N (respectively, L) denote K ray classifield 
mod 49™*" (respectively, 497). Let = Gal (NJL) and GF = {x € LT: Ow + x 
C Ow}, the associated order of the extension N/L in LT. 
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For s € Z with (s,A) Ox = Ox, we define a _ locally free -ideal, 
Is = (s, \A-™ &) GF. Weshall call /s an elliptic Swan module (the use of ‘elliptic’ 
r 


would become clear in Section 3). Taylor!9 showed that Ow isa free A-module if, 
and only if the elliptic Swan module /2 is G-free. 


In Srivastav® it is shown that Js= (s, 2) A and therefore, it is obtained from 
r 
the Swan module (s, =) ZI" by an extension of rings. Thus, if 7 splits in K/Q then 
r 
I is cyclic so that 7 (ZIP) = 0 (cf. Swan’), In that case (2, = ZI is Z[-free (since T 


is abelian, the Eichler condition is satisfied) and so J. is G-free. Taylor? had shown 
that Ow is Y-free if H splits in K/Q without using Swan modules. So in the sequel 
we assume that is inert in K/Q and set A equal to an odd rational prime p. In this 
case I is a non-cyclic group of order p2”. 


Next, we note that the Z-order ZI + Z (p-™ Z) is contained in G More 
r 


generally, we let G be any abstract group of order p*. For each integer 7, OS J <k 
we consider the Z-order Aj = ZG + Z(p-4 ). The Swan subgroup 7 (ZG) maps, 
by an extension of rings, onto a subgroup T (Aj), determined by Swan modules 
(s, p-/ &) Aj with pfs, in the locally free classgroup C/ (Aj). From Taylor’s theorem 
that T (ZG) is a cyclic group of order p*-1, we are able to show that T (Aj) is a cyclic 
group of order p*~1-4 (cf. Theorem 2). 


As a corollary, setG = and m = 1 to Show that /2 is G-free. This led the 
author to state. 


Theorem 1—The elliptic Swan module 7/2 is a principal ideal of the associated 
order FY. 


We® used transcendental means to show that for p=-+ 1 mod8 the elliptic 
Swan module is, indeed, W-free. The hypothesis p = + 1 mod 8 was introduced in 
Srivastav® since in that case we could use the Lubin-Tate formal group law of the 
Fueter model in describing the local Galois module Structure (cf. remark on page 173 
of Cassou-Nogués and Taylor!). We shall employ the technical device of relative 
Lubin-Tate formal groups in removing this hypothesis in Section 3 to complete the 


proof of Theorem 1. 
2. THE SwAN SusGRoup 


. We keep the notation of Section 1. LetGbea group of order n. For each 
positive integer f that divides n, We define a Z-order 


Af) = ZG+Z. f-1y 


in the group algebra QG. We should no 
generated as a Z-module. 


xs(234) 
te that Air) is Z-torsion free and finitely 
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Let us fix f. For each integer s relatively prime to 1, we define a Acs)-ideal 
<s, fl 2> (7 = (s, f-1 Z) As. pe SF 4 
We call this ideal a Swan module of A(f) in the view of the following, 
Lemma 1—With the above notation, 


<s, f-12U> (7) = (s, &) A. 


Proor : Clearly, <s, f-1 2>(f) D (s, Z) Ais). It suffices to show the equality 


locally at each prime g. Ifq|s, then fE Zo and we obtain the desired equality. 


On the other hand, if q / s, then s € Zz and both ideals equal Ai), 


Thus <s, f~! E> fF) is a locally free A (f)-ideal obtained from the usual Swan 
module <s, 2> by extension of rings. It, therefore, determines a class, <s, 2>(f) in 
Cl (A(f)). We denote the set of all swan classes in C/ (Acr)) by T (A(/)). The inclusion 


Pas Ce LhI7) 
induces a surjective homomorphism 
i, : C1 (ZG) > Cl (A(n) 


such that T (Acr)) = i, (T (ZG)). Hence T (Ais) is a subgroup of C/(Avr)) and we 
shall call T (Acf)), the Swan subgroup of C/ (As)). 


For convenience we shall write A = Aq) = ZG. Let ¢« be the augmentation 
map of QG and we denote its restriction on Ar) by er. Now, we consider a fiber 
diagram 





ef 
A(f) —>- ZL 
a | | 4 (2.3) 
Af) aon Z 
(f~1 2%) | faa Yo 


where ef is induced by ef and ¢y, 6f are quotient maps. 
The inclusion i: A ——» Af) induces an isomorphism 


ee Spee (2.4) 

(2) (f~1 2) 
The fact that A/(%) is a finitely generated free Z-module shows that Acs)/(f~1 ~) is 
also a Z-order. For f = 1, the fiber diagram (2.3) was considered by Ullom!!. This 
fiber diagram allows us to study the relation between the K-theory of Ais) and that 
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of Z, Ain/(f-1 2) and Z/f-1nZ. In particular, there is an exact Mayer-Vietoris 
sequence of Reiner and Ullom®. 


ef 


Ar Z 
where D (A(f)) is the kernel group of Air). We recall that D (Avs)) is a subgroup of 


GL(R 
Cl (A(s)) and for any ring R, Ky (R) = Soy , Where the general linear group 


GL (R) = lim GLn (R) and GL’ (R) = the commutator subgroup of GL (R). More- 
over, in (2.5) Ky (Z) (respectively, Ky omer )) may be identified with Z* = {+ 1} 
(respectively, (Fz )) via the determinant map. 
For f = 1, in (2.7) of Ullom™ it is shown that @1 (smod7nZ) = [s, ~]. In 
exactly the same manner we obtain the following : 
Proposition 1—The connecting homomorphism @y in (2.5) is given by : 
éf(s mod f-1nZ) = [s, Un. 


The exact sequence (2.5) may now be rewritten as 





2 WANS \ Lif eee 
ZF @ ky (~a ) (F-aag ) 77 awn) +0. (2.6) 
Next, we note the commutative diagram 
A (¢1, x €1) 7. 
aaa) 9 nZ 
(id, i’) | | - mek) 
As) (¢7, — 7) 7, 
(f71 &) <n f-1nZ 


where zz is the quotient map. 


From (2.7) using the functoriality of Ky and the exactness of (2.6) together with 


Proposition 1 and Lemma | we obtain a commutative diagram with exact rows 





ron(S) ay 
(ii) | x | i, | .. (2.8) 


or 


Z* @ Ky (Ges) ma (42) +> T(Awy) > 0. 
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In particular, we have 
Ker (a7) = ng (Ker (1). | ye(2.9) 


Thus, if T (A) is explicitly known then 7 (As) can also be calculated explicitly. For 
instance, if G is a cyclic group then we known that 7 (A) is trivial so that T (A(s)) is 
also trivial. As another example, we consider the case of p-groups. We remark that 
only in this section p may equal 2. 


Let G be a non-cyclic p-group so that n = p*. It is known that 7 (A) is trivial 
for a dihedral 2-group and that | T(A) | = 2 for a generalized quaternion 2-group or 
a semidihedral 2-group (cf. Taylor’). Ullomconjectured that for a non-cyclic p-group 
which is not one of these types of 2-groups mentioned above 


¢ p*-1, p odd 
| T (ZG) | = 4 i 
Peep a 26 


Taylor used Fréhlich’s hom description for C/ (A), and introduced a modified version 
of the p-adic logarithm to give a remarkable proof of Ullom’s conjecture [cf. (2.5) of 
Taylor’]. Taylor’s theorem can now be generalised to describe T (As)). 
For convenience we now write A; for A j where0 Sj < ce Using (2.8) and 
~ g0 (2.9) we deduce from Taylor’s theorem [(2.5) of Taylor®]. 
Theorem 2—Let G be a non-cyclic p-group of order p*®. If p = 2, assume that 
G is not a generalised quaternion, dihedral or semidihedral group. Let Oj <k 
(if p=2,0<j<k—}). 
(i) If p # 2, then T (Aj) is a cyclic group of order p*-J-1 with [1 + p, zy fy as a 
Dp 
generator. 
(ii) If p = 2, then T (Aj) is a cyclic group of order 2*-4-2 with [5, 2] 24) as a 
generator. 


Now let us return to the Galois module structure problem of Section 1. We let 
p be an odd prime, inert in K/Q and set G = I, then |G| = p2™, We also note 
that Am C G. Incase m = 1, we concludethat JT (Am) = 0. Moreover, if m = 2 
and p2 is a Weiferich square, i.e. 22-1 = 1 mod p?®, then [2, ZI 2) = (0. Thus we 
have, 

Corollary 1—Let p be inert in K/Q. Ifeither m= 1 or m= 2 and p” is a 
Weiferich squre then /2 is a principal G-ideal. 


An example of Wieferich square is 10932, 


3. Exuietic SWAN MODULES 


As in Taylor!® and Srivastav® we consider the lattice 2 = OxinC. We fix a 
primitive 4-division point of C/O such that 2 has annihilator 2Q. We set a complex 
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number 


__ 2A) 
FP (vy) — F (2) 


where & is the usual Weierstrass #-function for ©. 
Let 
e:y2 = 4x3 + tx2 + 4x 


be an elliptic curve with the identity of the group law at the origin O = (0:0: 1). 
We know! (Chapter XI) that t2 — 26 is a unit in K (4), the K ray classifield mod 4 
Ox. Moreover, the discriminant of @ is 4 (12 — 26). Thus & has good reduction at 
all odd primes. There is an isomorphism [cf. (4.10) Srivastav®] called the Fueter 
model 


E:C/Q +e 
given by 
of @@) St (2) ye = 
&(z) = ¢ 
L (0 i : 0), z = 20 


where T and 7) are two elliptic functions forQ. We set 


T (2) 


wad ag T; (z) 


an elliptic function for Q. 


Det he ate a finite ring. Th 
D™ Gx” g. en as in Taylor!®, the Galois group [ 
and the group of p”-division points of C/O are both rank one free E-modules. We 
write both the E-actions exponentially as in Srivastav®. 


. Let y be an E-generator of f'and «a primitive p”-division point of C/Q. In 
Srivastav® we defined the resolvent element P associated with « and y by 


beh Mn 2 


p = p-m ees Se 
é D (pm) 


From (5.7) of Srivastav® we know thatp™peE GO, PT 


Moreover, in (8.1) of Srivastavé . = 
hates we showed that if p = + I mod 8, then pE & 


Theorem 3—The resolvent element P lies in the associated order &. 


From (3.6) and (5.17) of Srivastav® we obtain Theorem I as a consequence of 
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Theorem 3. In order to prove Theorem 3 we need to look at the formal group 
associated with the Fueter model in some detail. 


We fix an embedding of Q, a fixed algebraic closure of Q, in Qp, a fixed 
algebraic closure of Qp, so that it correspondsto for K. We write M’ for the 


closure in Qp ofa field M C Q. We note that K (4)' = K’ and t € K (4). We denote 
by P the maximal ideal of the ring of integers of Qo. 

Let S” denote the elliptic curve G of the Fueter model (2.3) considered locally at 
P. This local elliptic curve S’ admits complex multiplication and has good reduction 
modulo P. Let &, denote the kernel of reduction of 6’ modulo P. For convenience 
we write (x, y) for a point on &’ with projective coordinates (x: y: Ly. 


We know! (Chapter X) that there is a Lubin-Tate formal group law F’ defined 
over Ox’, for a uniformizer p’ € {+p}, where the parameter 


t= —on F’ 3:1) 


is associated with the point (x, y) on G,. Therefore, for a positive integers and a 


primitive p*-division point «s of C/o, (T(«s), T1 (as)) E Gy and the associated para- 


meter 2D (xs) on F’ is a primitive p*-division point for F’. 


Next. we note that are K (4°) (cf. (5.6) of Srivastav®) and in addition, 
[ K’ (3°) ve ] = [K(4@%)': K’]. Thus we obtain 
K (4Qy = K’ (35). (3.2) 


Now from (5.5) of Srivastav® and (6.8). Chapter IX of Cassou-Nogués and Taylor! 
we infer that D(}) € K(8) and D2($) = (¢ + 8)1 € K (4). This shows that 
K’ (D(v))/K’ is an unramified extension of degree d, where d/2. Henceforth, we 


write K’ for the unique unramified extension of K’ of degree n so that 


Ki = K' (D(¥)). 20) 


In view of (3.2) we have 
Ki (D (as)) = K (49%) (D (4). 3.4) 


From local classfield theory as in Taylor!® there js a relative Lubin-Tate formal 
group law F” on Ox', for a uniformizer p” such that 
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K(45*)' = K’ (5) (325) 


where ws is a primitive p*-division point for F”. Combining (3.4) and (3.5) we obtain 


K‘ (D (as)) = Ki, (ws). ...(3.6) 


The finite ring E acts on p”-division points of C/Q and also on p™-division 
points of F’. 


Proposition 2—Let « be a primitive p™-division point of C/Q. Then there exists 


(i) a formal power series 6 (X) € Ox 4 [[X]] 


and 
(ii) a primitive p”-division point of F” such that 
2D (42) = 6(/1) Ve € E. 

Proor : We view both F’ and F” as relative Lubin-Tate formal group laws 
over Ox;. From (1.2), Chapter I of de Shalit? we see that F’ (respectively, F”) isa 
relative Lubin-Tate formal group law for (p’)” (respectively, (p’)%). For each positive 
integer 5, let as (respectively, »s) be a primitive p*-division point of C/Q (respectively, 
F*), 

We know from (1.8), Chapter I of de Shalit? that K’(D (as)) (respectively, 
Kj (s)) is the classifield for K to the subgroup <(p’)¢> - (1 + @3) (respectively, 
<(p")*> - (1 + @5)) of (K’)*. From (3.6) we deduce that 


<(py't> - (1+ Pa) = <(p"> - (1 + BP), ate 
Since (3.7) holds for each positive integer s we must have 
(p’)? = (p")4. ...(3.8) 


From (3.8) we conclude that F’ and F” are both. relative Lubin-Tate formal 
group law for (p’)”. Hence by (1.5), Chapter I of de Shalit3, F’ and F” are isomorphic 


formal group laws over Ox; and there exists a formal power series 0(X) € Ox’, [[x]] 
such that 


0 ((F" (X, Y)) = F’ (6 (X), @ (Y)) ---(3.9) 
and 

6 ([a]r” (X)) = [a]r’ (9 (X)) ya © Ox’. ...(3.10) 
In view of (3.10) there exists a primitive p”-division point w of F” such that 


SAC FAC) (3.11) 
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Moreover, applying (3.10) on (3.11) we obtain 

2D (a*) = @ (wll) We EE 
proving the proposition. 


Remark : In the case that d = 1, from (3.8) we obtain that p’ = p” and then 
6 (X) = X. Indeed, this is the case for p = + | mod 8 as seen in (8.2) of Srivastav®, 
which is 
2D (a?) = wlel Yee E. teal) 
We also note that if d = 2 then p’ = — p’. 


Now we can prove Theorem 3. 


Proof of Theorem 3—As in the proof of (8.1) of Srivastav® it suffices to show that 
P © Ga whenever g is a prime of Ox such thatg | & Forsucha prime g of Ox 
we fix the embedding of Q in Qp so that it corresponds to qv over N where qu is the 
unique prime of Ow with gq = qn 1 Ou. 


We write ZH’ for Ha. From (3.3) and (3.6) of Srivastav® we note that 


p=" _» 
R'=Or-: irt+ vie Ou’: of seh Sal3) 
i= 
where 
Steep ee. (lly yi — le) Coz” Ve. 
eGE 
We set 
LD’ = L’ (D (9)) ...(3.14) 
and 
2m 5 
A”°=O1r -\r+ 2 Ou’: & (3:19) 
i=0 


an Ov’-order in L” IT. Since {Ir, 90, 91, .. 
deduce that 


hep } forms an L’-basis of L’ I° we 
p=™_9 


H' =H OLY. ...(3.16) 


Thus in order to prove Theorem 3 it suffices to show that P€ F" since 
p € LT. We show that p € G” by proceeding exactly as in the proof of (8.1) of 
Srivastav® and using Proposition 2 instead of (3.12). 
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FIXED POINT THEOREMS FOR MULTIVALUED MAPPINGS 


os Lo. HIcks 
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(Received 24 April 1989; accepted 27 July 1989) 


Let X be acomplete metric space and B(X) the space of closed bounded 
subsets of X withthe Hausdorff metric. Two general fixed point theorems 
for T: X > B(X) are proved. Then examples show that these theorems 
include known fixed point theorems and also yield new theorems. 


Let (X, d) be a complete metric space: B (X) denotes all closed bounded subsets 
of X with the Hausdorff metric p defined by 


Pp (E, F) = max [sup d(x, E), sup d(x, F)]. 
2 mal a cee 


Also, 
P (E, F) = sup | d (x, E) — d(x,F) |. 
chee, 
Theorem 1—Suppose T: (X, d) > (B(X), P) where X is complete and T is con- 
tinuous. Then there exists pin X with p € 7pif and only if there exists a sequence 
co 
{xn} in X with xng1 © Txn and % d (xn, xny1) < o9. In this case, p = lim xn. 
cma n 
Proor : If p € Tp, let xn = p for everyn. Suppose the condition holds. Then 
{xn} is a Cauchy sequence, so that lim xn = pforsome pin X. Tis continuous im- 


plies Txn > Tp. If y € Tp, d(p, ¥) < d (p, xny1) + 4 (X41, y) and it follows that 
d(p, Tp) < d(p, Xny1) + 4 (xnq1, Tp). Now d (p, xn41) > 0 and 


d(xn41, Tp) < sup {d (y, Tp): y € Txn} < P (Txn, Tp) > Oasn > 0, 
Thus, d(p, Tp) = Oand pE Tp = Tp. 


Theorem 2—Suppose T: (X, d) > (B(x), P) where X is complete, Tis con- 
tinuous, and Tx is compact foreach xin X¥. Assume that P (Tx, Ty) < K(d (x, y)) 
where K: [0, co) — [0, cc), K(0) = 9, and K is non-decreasing. Then there 


oe 
exists pin X with p € Tp if and only if there exists xo in X with ee (d (xo, Txo)) 
u= 
< co, Inthis case, we can choose xn41 € Txn with xn > p. 


(K is not assumed to be continuous and K2 (t) = K(K (t)).) 
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co 
a T. 
Proor : If p € Tp, d(p, Tp) = 0, 0 = K (0) = K2(0), and z Kn (d(p, Tp)) 
= (, 


Suppose there exists xo such that x K® (d (xo, Tx0)) < c&. y— d (xo, y) is 
continuous on the compact set 7xo implies there exists x1 © Txo such that d (x1, xo) 
= min {d (xo, y): »y © Txo} = d (xo, Txo). Similarly, 7x1 is compact so there exists 
x2 € Tx 1 such that d (xe, x1) = d (x1, Tx1). Thus, we obtain a sequence {x»} such that 

Xn41 © Txn and d (xn41, Xn) = d (xn, Txn). 
Now, d (xn, Txn-1) = 0 since xn € Txn-1. Since K is non-decseasing, 
d (Xn41, Xn) = d (xn, Txn) — 0 
= d (xn, Txn) — d (xn, Txn_-1) 
S P (Txn, Txn-1) & K (d (xn, xn-1)) 
< K2(d(xn_1, xn_2)) < ... 
< K" (d (x1, x0)) = K" (d (xo, Txo)). 
Applying Theorem 1, we obtain p € Tp where p = um Xn. 


Remarks : K need only be defined on the range of d. If you replace your metric 
with an equivalent metric with d(x, y) <1, then clearly Theorem 2 holds for K: [0,1) 
> [0, co). In many applications, X is a normed linear space and Tx is compact and 
convex for each x in ¥. To apply Theorem 2, one needs a non-decreasing function 


co 
K and xin X¥ with & K"®(d(x, Tx)) < ©. The following examples satisfy these con- 
m=) 


ditions and therefore illustrate the generality of Theorem 2 see Hicks!. For the details 
that are not obvious and not provided. 


Example 1—Suppose 0 < A < 1. Let K(t)=Atfort > 0. Then p (Tx, Ty) 
< K(d (x, y)) = Ad (x, y). Kn (d(x, Tx)) = And (x, Tx) for any x in X. It is known 
that there exists p with p € T P without assuming T*x is compact. 


Example 2—Suppose T satisfies P (Tx, Ty) & ¢$ (d (x, y)) d(x, y) for all x, ¥ iD 
X, where ¢ : [0, oo) > [0, 1) and ¢ is non-decreasing. Then K (t) = 1 ¢(t), Kis non- 
decreasing, and K: [0, oo) > [0, co). It follows by induction that 


Ko (t) <1 [8 (@)". Since $ (1) <1, ¥ Kat) oo. 
n=1 
Example 3—Consider K (t) = 1 ¢ (t) where ¢: [0, 00) > 


t<i. Ift< 1, it follows that Kn (1) St[e (ay. If Kis non 
can be applied. 


[0, 0°), g(t)< 1 for 
-decreasing Theorem 2 
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Example 4—K(t) = t¢(t) where ¢: [0, co) > [0, co) and ¢ (at) < a ¢ (ft) for 
a € (0,1). If¢(t)< 1, K"™(t) < (Kt) (¢ (t))” forall n > 2. 


Example 5— Assume K iS non-decreasing, K is convex on [0, 1) and K(t) < t for 


allO <t <1. Ift < 1, K(t) < tso K (t) = at forsome 0 < « < 1. It can be shown 


co 
that K" (t) < a tforallmandthus = K" (t) < co. 
nal 


Theorem 3—Suppose T: X — B(X) where X is complete and 7x is compact for 
each x. Suppose p (Tx, Ty) < [d(x, y)]¢ where q > 1. If there exists x such that 
t = d(x: Tx) < 1,. wecan choose a sequence {xn} with xnz1 © Txn and xn > p with 
p € Tp. 


Proor: Let K(t) = 1% fort > 0. K (0) = 0, K is increasing, Kit) <i bs); 
ioe) 

and K is convex. If t = d(x, Tx) <1, % K®(t) < co from the previous example. 
nL 


T is continuous so Theorem 2 applies. 
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In this paper we have proved a fixed point theorem for multi-valued non- 
expansive mappings in a metric space endowed with some convexity structure, 


INTRODUCTION 


Kirk? has proved a fixed point theorem for nonexpansive mappings over a closed 
convex subset of a reflexive Banach space satisfying normal structure. Penot3 and 
Kirk’, under different approaches, established an abstract version of the result of 
Kirk! in a bounded metric space. In this paper, modifying slightly the proofs of 
Kirk?, we extend result for multi-valued mappings, generalizing also fixed point 
Theorem 3.1 of Samanta?. . 


Some NorATIONS AND DEFINITIONS 


In this paper we shall assume (X, d) to be a metric space, M bea bounded sub- 
set of XY and FD (X) be the collection of all nonempty subsets of X. If x € Xand 
r > 0, then 5 (x, r) denotes the closed ball with centre at x and radius r. Following 
Kirk?, we put for any nonempty subset D of \/: 


8 (D) = Sup {d(u, v) :u, v © D} 

ru (D) = Sup {d (u, v), vy E D},u € D 

r(D) = Inf {ru(D): u € D} 

h(D) = r (D)/8 (D), if 8(D) > 0 
l, if 5(D) = 0. 


Further for any two subsets A, B of M, 


the Hausdorff distance H(A, B) between A 
and B is defined by 


H (A, B) = Inf {t> 0 such that fora€ 4, bE B, there exists 
a’ E€ A, b’ © B such that d (a, b') < tand 
d (a', b) < 2}. 


Following Kirk?, a class & of subsets of X is said to be normal ifforeahDE & 
5(D) >0 implies h (D) € (0, 1). The class F is said to be (countably) compact if 
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each (countable) subfamily of © which has finite intersection property has nonvoid 
intersection. 


For the purpose of our theorem we shall take /to be a class of subsets of M 


which is countably compact, stable under intersections, normal and contains the 
closed balls of M. 


Theorem—lf T: M > F (X) be a mapping such that 
(a) Ti) OMA4Y¥ XEM 
bh ¥xEM TDN S={T()DND: DE ¥} 
is a compact class of which each nonempty member is a compact subset of X, 


(c) foranyGE & satisfying T(§) NG#¢, YEEG, 
A(T (x) 1G, T(y)NG) <d(x,y), ¥x,y EG 
then T has a fixed point in M. 


PRoor : Modifying slightly the proof of Lemma of Kirk?, we show that for each 
« > 0, there exists a nonempty set M(e) CE SF suchthat T(x)N M()+Oo,4¥ XE 
M (e) and for which 5 (M (e)) € (h(M) + ¢€) 5 (M). For this take M (e) = M if 5 (M) 
= 0, Otherwise, construct M (e) as follows: Let Pp = (A(M) + e€) 5(M). 


By the definition of h, the set @ = {z € M: MC B(z, P)} is nonempty. Let 
={(DE FS: 6 CD, T(x) NN D + ¢, + x € D}. Order the family F by set- 
inclusion relation. Let + = {Dt} <4 be a decreasing chain in HY. Let Do = nas Ds. 
Then DoE GH and CC Do. Further, since {Dt} 24 is decreasing, it follows 


that for each x € Do, the family {T (x) 1 Ds}. iA has finite intersection property. 
So, by hypothesis (b), T(x) (NM Dt) 4 ¢. i.e, T(x) O Do, #4. Thus every 
icA 


decreasing chain in Fhas a lower bound. Therefore, by Zorn’s Lemma, FY hasa 
minimal element Z (say). Let A = @ U T(L), where T (L) = a (T (x) 1 L). Then 


T(L)C L. So, Cov(4) = N{IDEF; AC DCL. Ate for x € Cov (A), 
T(x) OLA ¢dand T(x)ANLCT(L). So, T(x) A ~Ad. Hence T (x) N Cov 
(A) # ¢. Thus Cov(A) € #. Since L is a minimal member of FG andCov (A) C L, 
it follows that Cov(4) = L. Let M(e) = {x E L;L C B(x, P)}. Then M(e)+ ¢ 
since M(e) DC. Letx E M(e). Then T(x) Lg. Take x ET (x) 0 Ei 
Let O= LQ B(x’, P). ThenC C O. Next, take y» € O. Then € L and d (x’, ») 
<P. Now, by (c), 
H(T (x) OL, Tq) NL) < a(x, ») 
<p(. xE€ M(e),n € L). 


Since T (x) 1) Land T(n) M L are nonempty compact sets and x’ € T(Ixs)O ZL, 
there exists yn’ € T(y)  L such that 
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d(x’, 7) < H(T(x) OL, TM) OL) SP. 


So 7’ € O, Hence T(n) 10 #¢. Thus O€ F and Oc L., Since © 1474 
minimal element in GF, it follows that O = L. So d(x, y)<P VYEL. i.e, 
B (x', P) D L. So, x’ € M («), which implies T (x) (1) M (c-) ~ ¢. 


Now lett m= {DE ¥; D¥#4, TX) D+ 4, ¥ x € D}, and for each 
DE m, Let 89 (D)= Inf {8 (F); FE m, FC D}. From now on, the proof runs 
similarly as in Kirk? and hence it is omitted. 


Remark : The necessity of the condition (c) of the Theorem has been studied 
by Samanta‘. 


Corollary 1 (Theorem | of Kirk2)—Let (M, d) be a non-empty bounded metric 
space and suppose M contains a class © of subsets which is countably compact, stable 
under arbitrary intersections, and normal. Suppose further that & contains the 
closed balls of M. Then every nonexpansive mapping 7 of M into itself has a fixed 
point. 


Corollary 2. (Theorem 3.1 of Samantat)—Let X be a reflexive Banach space and 
K, a bounded closed convex subset of X, possessing normal structure. If v: K > 2* is 
a mapping such that 


(a) V(YNKA, ¥XERK 
(b) for any closed convex subset G of K satisfying V(E) A G4#¢, VEEG, 


H(v (x) 0 G, ¥ (vy) 1M G) < |lx — yl, whenever x, y (# x) € G. 
Then v has a fixed point. 
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The concepts of *minimal, *@-linearly independent and * A-linearly inde- 


pendent sequences in conjugate Banach spaces have been introduced. The 
relationships among these concepts and the concepts of minimal, w-linearly 
independent and A-linearly independent sequences have been established 
and counter examples to support the non-implications among them have 
been exihibited. Also weak*-bases have been characterized in terms of *w- 
linearly independent sequuences and finally deficient *minimal sequences 
have been defined and discussed. 


1. INTRODUCTION 


The concepts of minimal sequences and -linearly independent sequences in 
Banach spaces were studied by many workers!~? and in more general spaces by 
Kamthan and Gupta8’9 A-linearly independent sequences (A = {Ai} with At >0, i EN) 
were first considered by Erdés and Straus? and later by Singer4. 


The purpose of this paper is to study these concepts together with others like 
*minimal, *«-linearly independent and *A-linearly independent sequences in conjugate 
Banach spaces. In fact, we consider here 28 implications and counter-implications 
among these concepts. In section 4, counter examples have been exhibited to support 
the non-implications among these concepts. The main results are established in Section 
5, wherein among other results, it is shown that “Let {fn} C E* be a *w-linearly 
independent sequence. Then { fn} is a weak*-basis of E* if and only if {fnsis a 
maximal *w-linearly independent sequence”. Also, a diagram containing 28 implica- 
tions and counter-implications has been given. Finally, the concept of deficient 
*minimal sequences in conjugate Banach spaces has been defined in Section 6. It is 
proved that if E is separable and { fn} C E* isascquence which is not deficient *mini- 
mal, then for every sequence of positive integers {Cn}, there exisis a total sequence 
{gn} C E* such that || fn — gnl| < Cn, for each n. 


2. STANDARD DEFINITIONS 
Throughout E will denote a Banach space over the scalar field jK (R or C), E* 
and E**, respectively, the first and second conjugate spaces of E, 7 the canonical 
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isomorphism of £ into E**, [xn] the closed linear span of {xn} in the norm topology 
and [fa] the closed linear span of { fn} in the weak*-topology. 


A sequence {xn} C E is complete in E if [xn] = E and {fn} C E* is total onE if 
Jn (x) = Ofor all n implies x = 0. A system (xn, fn) ({xn} C E, {fn} Cc E") is a 
biorthogonal system if fi (xj) = % for alli andj. A sequence {xn} C Eis minimal 
if there exists a sequence {fn} C E* such that (xn, fn) is a biorthogonal system. 


Co 
A sequence {xn} C E is w-linearly independent if {an} C jm, 2 ot xt = O 
i=1 ) 
imply at = Oforalli. A sequence {xn} C E is A-linearly independent (A = {As} 


io] . 
withai>O0O,iE N)if | a”) | < Ai, for each i and n, and lim ea,” xt = Oim- 
n> oo ray 


ply lim «,” 


n->co 


Dusty for alli. A sequence {xn} C E isa basis in E if for every x € E, 


oo . 
there is a unique sequence {an} C ik such thatx = & o¢ xi, the convergence being 
i-1 
in the norm topology of E. A sequence { fn} C E* is a weak*-basis in E* if for every 
co 
f € E*, there is a unique sequence {an} C iK such that f (x) = & at ft (x), for 
i=1 
every XE E. 

It is well known that every minimal sequence is ®-linearly independent but not 
conversely (Singer, p. 50). Also, every minimal sequence is A-linearly independent 
(A = {At} withAas > 0, i € IN) and every normalized A-linearly independent sequence 
with inf At > O is ©-linearly independent while the converse in each case is not true?. 

‘ 


3. New Degrinirions 


Definition 1—A sequence { fn} C E* is said to be a *minimal sequence if there 
exists a sequence {xn} C E, called an admissible sequence to the *minimal sequence, 
such that (xn, fn) is a biorthogonal system. 


Definition 2—A sequence { fn} C E* 


is said to be *w-linearly indepenent if {an} 
ioe) 

CIN a aie -f¢ 
i=1 


(x) = 0, foreachx € E imply «a = 0, i€ N. 


Definition 3—Let A = {At} with At > 0, i 


€ N. A sequence {fn} C E* is 
said to be *A-linearly independent if 


(n) 


| a: |< A (i,n EN), 1 
| r (n) 
. 2 (n) ies sien 
lim Za fi(x) = 0, foreachhxE E ! iad 
n->ce f=] $ ; 
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The following observations and questions arise naturally in wake of the above 
definitions : 


(I) Is an admissible sequence to a *minimal sequence unique? One has no for 


the answer. Indeed, let { fn} C E* be a *minimal sequence with admissible sequence 


{xn} C E such that [fn] ~ E*. Then, there is an x9 € E such that fn (xo) = 0, for 
eachn. Put 41 = x1—X0, 4 = Xt-1,/ = 2,3, ..... Thus { fn} has another admissible 
sequence {}'n} C E. 


However, an admissible sequence to a *minimal sequence is unique if and only 
if the *minimal sequence is total. 


(II) Every *minimal sequence is both minimal and ‘*w-linearly independent. 
Is the converse, in each case, true? We show that each has negative solution (Exam- 
ples 1 and 4). 


(III) Every *A-linearly independent sequence is A-linearly independent. How- 
ever, the converse need not be true (Example 2). 


(IV) Every normalized *A-linearly independent sequence with inf At > 0 is 
a 
*w-linearly independent (Theorem 2), and hence w-linearly independent. It is shown 
that the converse may not be true (Example 3). 
(V) Does there exist a sequence which is *w-linearly independent but not A- 
linearly independent and vice-versa? We show that they do (Examples 2 and 3). 
(VI) Can we find a sequence which is minimal but not *-linearly independent, 


and conversely? Indeed, we can (Examples 1, 3 and 2). 


(VII) Some other questions, namely, “Whether we can find a minimal (a- 
linearly independent) sequence whichis not *A-linearly independent (respectively, 
*.y-linearly independent)” are intrinsically contained in and answered above. 


4. CouNTeR EXAMPLES 


Example 1—Let E = c and let {en} be the sequence Of unit vectors in E. Define 
{hn} is E* by 


dn (x) = an(x = {an EC E,n € IN). 
Then (en, én) is a biorthogonal system such that [¢n] = E*. Since [en] = co C c, there 
existsa¢ € E* anday € Eco such that ¢ (en) = 0,n € N and ¢ (y) 4 0. Then 
{$, én} is a *w-linearly independent sequence. Indeed, let 


ay p(x) + = asy1 $¢ (x) = 0, foreach x € E. 
i=1 


Then, by taking x = en, n € WN, one may easily see that a = 0, i = 2, 3, ... and then 
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by taking x = y, «1 = 0. But, since ¢ € [¢n] = E*, {, ¢u} is not *minimal 
(Theorem 1, (a) <> (b)). 


Example 2—Let E = I? and let { fn} be the unit vector basis of E. Define {gn} 
C Eand {¢n} C E* by 


gn = $ fi + 3 fnyi, (n € N) 
and 
on (f) = 2 Eni, (f = {Sn} € E, n EN). 


Then (gn, ¢n) is a biorthogonal system such that [gn] = E. But {gn}is nota weak* 
basis of E. Therefore, there exists an f € E which does not admit any expansion of 
the form 


f (x)= E as ge(a) 


for all x in the predual of E. Then { f, gn} is *o-linearly independent (see proof of 


Theorem 3) but not minimal, since f E€ [gn]. Moreover, one can write (Singer4, 
Theorem 3.1) 


St (x) = lim 5 te ) ot (x) 


n-->oo 
forx € Easabove and sup | «‘”) | << + co, (i © N). 
l<n<o $ 
Then, for 41; = 1 and 


Ati > su tot” ,i= 2, 3; . 
ieee ri] | a, ~9 


ro 2 


it follows that { f, gn} is not *A- -linearly independent, since for the sequence a” d 
C IK given by F 


am ay » f= 1n7EN, 
n 
B, mis eaees » '=2,3,..,m+ 1ne WN, 
é L 0 » 1= ma + 2, mn + 3, ... (n E N) 
we have 
Le 1< S At, for each i and n, and 


lim 2 Be gt (x) + f(x) = clita (f(x) — = a” ) a (x)) = 0 


1c 
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while 


lim p” ~ 0. 


n7~o 


Example 3—Let E = co and let {en} be the unit vector basis of E*. Define 
{ fn} C E* by 


fi = e1, fn = Jen-1 — ten (n = 2, 3, ...). 


Then { fn} C E* is a normalized minimal sequence!9. Since 


ae 
fi (x) - Ha fi (x) = 0, for all x € E, {fn} is not *w-linearly 
independent. 


Example 4—Let E = co, {en} be the unit vector basis of E* and {¢n} the sequ- 
ence of unit vectors in E**. Define { fn} C E* and {tn} C E** by 


fp er), 0, 07") 
fn = ((—1)"*1, 0, 0, ..., 1,0, ...), (2 = 2), 
nth place 
dy =(1,1, — 1,1, — 1,1, «.-) 
and 
gee (ONO, 535 1,0, G25 ),4 (mee, Sy): 
nth place, 


Then, (fn, vn) isa biorthogonal system and hence { fn} is minimal!2, Since 1 & 
a (E), ¥1 is not weak*-continuous. Also, since [ fn] = E*, {vn} is the only sequence 
such that (fn, Yn) is a biorthogonal system. Hence { fn} is not *minimal. 


5. MAIN RESULTS 


Theorem 1—Let { fn} C E* be a sequence. The following statements are 
equivalent : 


(a) {fn} is *minimal. 


(b) fn & [flién, (i,n € WN). 

Rach of these statements imply the following : 
(c) {fn} is *A-linearly independent. 
(d) {fn} is *w-linearly independent. 
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The statements (a) and (b) (hence (c) and (d)) are implied by each of the following: 
(e) There exists {un} C L(E, E) such that 


u® (f)=f, SE (fly 
and 


ue (f)=0, SE SIP. 


(f) There exists a sequence {xn} C E such that 


lim > ai”) h=f. 


n>o i=1 


= lim a” = f(x) (i © N). 


n-7oc 
PROOF : (a) > (b)-—Let {xn} C E be a sequence in E such that ft (xj) = 34; 
(i,/ € IN). Suppose that fn € [fi]liAn. Then, for each n, gn = fn | [xn]is in the 
© ([xn]*, [xn])-closure of {gi}i4n in [xn]*. Since [xn] is separable, the o ([xn]*; [xn])-to- 


pology is metrizable on bounded sets of [xn]* (Wilansky!1, Theorem 3.1.1). Therefore 
each gn in the c ([xn]*, [xn])-closure of {g:}; An has the form 


gn = G ([xn]*, [xn]) — lim = a ) ot. 


k>o i=] 
in 
Then 
1 = fn (xn) = gn (Xn) ==. 0; 
This is not possible. 


(b) > (a)—Let fn & [ faliAn for each i and n. Then, there exists a sequence 
{xn} C E such that fn (xn) = 1 and f (xn) = 0, for each f C Chistes Hence, { fn} 


is a “minimal sequence in E*. 
(a) > (c)—Let {xn} C Ebea sequence such that fi (xj) = 54; (i,j € IN). Let 
| a®) |< At (i € N) and 


co 
lm al”) fy (x) = 0 


n>o j=] 


foreveryx € E. Then 


. . bad 
lim ae = lm 2& eh Si (xk) = 0, (k € N). 


n->oo n>o j=] 
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(a) > (d)—Obvious. 


(e) > (a)— us (fi) = fi. Let 1 be in the range of u, and x1 € E such 
that y) = mw (x1) and fy (34) = 1. 


Then 
Si (1) = ft (141 (x1) 
= (u¥ ( fa) (x1) 


= 0,/ = 2,3, ... 


Again, let yo be in the range of wg — uy and x2 € E such that yo = (ug — uy) (xe) 
and fo(y2) = 1. Then 


fi (92) = fi ((u2 — 1) (x2)) 
= (uy (fi) (x2) — (ut (ft) G2) = 0 


and 


ft (Yo) = (ug (ft) (x2) — (uf (A) (22) 


= 0, i = 3,4,.... 


Continuing like this, let yn be in the range of un — un_y and xn © E such that yn 
=(un — un.) (xn) and fn (yn) = 1. Then forixin € N, fi (yn) = 0. Hence, { fn} 
is a *minimal sequence in E*. 


(f) = (a)—Define 
$3 ( = at ft) = aj, (= at ft € span { fn}, j = 1,2, ..., n). 


Note that ¢j is a well defined continuous linear functional on span { fn} since, by the 
assumption in (f), {fn} is finitely linearly independent (i. e. every finite subsequ- 
ence of { fn} islinearly independent). Further, since any f € [fn] has the form 


My 
f= lim = «o™ f 


n—->oco im. 1 
one can extend ¢y to [ fn] by writing 
¢1(f) = lim a” =f (x9), (J EN). 
n7o j 


Hence 
$1 (fit) = fe (x1) = 94s, (i, 7 € WN). 


1090 Pp. K. JAIN BET AL. 


Whence { fn} is *minimal. 


Theorem 2—Let A = {At} with A > 0, 7E N. If inf At > 0, then every 


normalized *A-linearly independent sequence in E* is 


*w-linearly independent (hence 
w-linearly independent). 


Proor : Let { fn} C E* be a normalized *A-linearly independent sequence. 
Assume that { fn} is not *«-linearly independent. Then, there is a sequence {xn} C Jk 


with sup | an | 0 such that 
n 


co 
Lat fi (x) = 0 
i=1 


for allx € E. Since for each x € EF, 


sup | an fn (x) | < °° 
n 


the uniform boundedness principle shows that 


sup | %m | = sup |lan fn|| < 0. 
n n 


Put y = inf At/sup | at | and A = yat, (i, n © WN). Then 
l 


1 
ee eaiee 


< (inf Asjsup | we |) | ae | 


< ri (i,n € N) 


and 


ime 3! atl i; Gye 0 
ee eed =yY at ft (x) = 


n>o t t= 


a 


for allx € E. Since { fn} is *A-linearly independent, it follows that ot = 0, for each 
i. This completes the proof. 


Definition 4—A *w-linearly independent sequence { fn} C E* is said to be maxi- 


mal if there exists no sequence {gn} C E* with { fn} C {gn} such that {gn} is *w-line- 
arly independent. 


Theorem 3--Let { fn} C E* be a *w-linearly independent sequence. Then { fn} 


is a weak*-basis of E* if and only if {fn} isa maximal *w-linearly independent 
sequence. 
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Proor : Let { fn} be not a weak*-basis of E*. Then. there is anf € E* which 
does not admit any expansion of the form 


“ co 
f(x) = _ ae fi (x) corey 
for each x € E and any sequence {an} of scalars. Therefore, { {, fn} isa *e-linearly 
independent sequence in E*. Indeed, let 


ay f (x) + = a G0 


for every x € E. 


If a1 = 0, then «#41 = 0,7 EN, since { fn} is a *w-linearly independent sequence. 
If «; +0, then 


f(x) = 


ius 


Be fe (x) 


1 


for every x € Eand Bi = ci,1/a1. This is a contradication. Hence, { fn} C E* is 
not maximal. 


Conversely, let { f, fn} C E* bean extension of the *-linearly independent 
sequence { fn} C E*. Then, for any sequence {an} of scalars, f does not admit any 
expansion of the form (5.1), foreach x € E. Because if it does, then 


f(x) + = (ain (0.=.0 


for every x € E. Whence, {/, fn} C E* is not a *w-linearly independent sequence. 
This is a contradiction. 


Remark: There do exist maximal *-linearly independent sequences in con- 
jugate Banach spaces (Example 4). There also exists a complete *-linearly inde- 
pendent sequence which is not maximal (Example 2). 


The final picture that emerges from our discussion so far, regarding a sequence 
in a conjugate Banach space, is given in the following diagram of implications and 
counter-implications (Figure !). 


6. DericigntT *MINIMNL SEQUENCES 


Definition 5—A sequence { fn} C E* is said to be a deficient *minimal if it can 
be transformed into a *minimal sequence by omitting a finite number of its elements. 


Towards the existence of deficient *minimal sequences, one can see that the 
sequence {¢, ¢n} C E*in Example 1 and the sequence { fn} C E* in Example 4 are 
deficient *minimal sequences. 
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A= Linearly 
oA independent sequenc 


x 
Minimal Séquence 
Minimal sequence [R79 Sf 


TAKAL 


a ly *w - Linearly 
w - Linearly FEED 


eer A ee Independent Sequence 
independent sequence AL nde p 
* 


A - Linearly 


independent sequence 





Fic. 1, (N) These imlications are valid for normalized sequences such that inf i > 0. 
+ 


Theorem 4—Let E be separable and { fn} C E* be such that for every infinite 
set of positive integers {c (k)} ey 


. SA o(1),0(2),... #[fil2, 
Then { fn} C E* is a deficient *minimal seqnence, 


Proor : Assume that { fn} C E* is not a deficient *minimal sequence. Then, in 


view of Theorem 1, there exists an index o (1) such that 
fo(1) E [ filiAo(1) Baz ahaa 


and || fc(1)|| = 1. Since E is separable, the unit ball U of E* is metrizable in the w*- 
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topology. Letd bea metric on U. Since fey) E UC [fas , there exists an index 


« (1) > o (1) and scalars r, yo ey pe such that 
«(1) 
yy () F, 
Y, 
j=l 
and 
«(1) 
d yO 
( fo(1); Si) < $. 
i=] 


By assumption, { fil. 4, iSnot *minimal. Again, by Theorem 1, there exists 


an index o (2) > « (1) + 1 such that 


fe(2) E€ Ale iejai = [fae =all)+1 


ifxo(2) 
and || fe(2) || = 1. Then, /o(2) € U. Thus, there exists an index « (2) >: ¢(2) and 
scalars *y@), 'f,~.., ne such that 
« (2) 
> Prev 
i=1 
and 
« (2) 


d (fa), > 4 <b. 
i=l 
ifo(1),(2) 


Since [ fi]i4o(1), 0(2) = [fey , one can choose the index « (2) such that 


we also have 


« (2) 
d(fm) > P<. 
< 
i#o(1),6() 


Proceeding like this we get two infinite sets of positive integers {s 1D) pen and 


{a (n)}*° | with a (n — 1) + 1< 6 (n) < «(n), « (0) = O and scalars y i,j E W), 
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such that 
a(n) 
> 4 fi EU 
i=1 
and 
a () 
dif, > PA < Fk = 1,2 nm 1 ED). 
mt 
feo cae vins 
Thus, 
f(t) © [AijiFo(1),0(2),.... KEN. 
Hence, 


[ fl, = [ fi]Ji#o(1),«(2),.--. 


Theorem 5—Let E be separable and let { fn} C E* be a sequence which is not 
deficient *minimal. Then, for every sequence of positive integers {Cn}, there exists 
a total sequence {gn} C E* such that 


| fn — gnil< Cn (n E N). 


Proor : Since {fn} is not deficient *minimal, there exists, by Theorem 4, an 
oo 


infinite sequence of indices {o(n)} such that 

[ fa(n)) pay = [fit #o1),02),... = [fl 2, ...(5.2) 
where {a (n)}rr ea IN N{¢ (CO) haar Let {in} C E* bea total sequence such that 
lAni< 1, ne N. 
Put 

So(t) = fo(t) + Coli) ht (i € N) veto) 
and 

Sat) = fa(t) (¢ © N) ...(5.4) 


where {Cn} is any sequence of positive integers. Then 


lft — gill< ce G@ EN) 


and [gn] = E*. Indeed, if [gn] “+ E*, then there exists a ¢ € E* and x9 E€ E such 
that ¢ (xo) = 1 and gn (xo) = 0 for each n. Thus, by (5.2) and (5.4), is follows that 
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fn (xo) = O foreach mn. Since Coit) 4 0 for each i, it follows from (5.3) that hi (xo) 
0. Since ¢ (xo) = 1, we have [hn] # E*. 
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This paper studies the equation 


Inx(t)+f(t, x(t), x(g()) =A), t> 0, n>? 2 
where the differential operator L, is defined by 


Lo x (t) = x(t), 


1 d 
Inx(t) = nt) df Li-ix@i=1,2,..., mira (t) = 1 


and a necessary and sufficient condition that all oscillatory solutions of the 
above equation converge to zero asymptotically is presented. The results 
obtained extend and improve some of the previous known results. 


1. INTRODUCTION 


In the last few years the oscillatory and non-oscillatory behaviour of solutions of 
both ordinary and functional differentia] equations of arbitrary order have received a 
great deal of attention. For example see reference2-10 and the reference therein. 


Recently Chen and Yeh? have established necessary and sufficient conditions for 
the asymptotic decay of oscillations in delayed functional equations of the form 


[nx (t) + f(t, x(g(t))) = A(t), t>0,n>2 


where the differential operator Ln is defined by 


1 d 
It x (t) = WO df Fe 69 Sp Ot es nN; Tn (t) = 1, 
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In this paper we shall establish necessary and sufficient conditions for the 


oscillatory and asymptotic behaviour of the functional differential equation of the 
form 


Ta x(t) 4-f (ft, x (1), x (2 (0) = A(t), t > 0, n > 2 ould) 


where the differential operator Ln is defined by 


Lo x (t) = x (t), 


] 


d ; . A’ 
Tix) = SD cal Fa * (0), i = 1, 2, ..., 0 rn (t) = 1. 


The results obtained here generalize and improve some of the known results?~ 10, 


We consider the differential equation (1) together with the following conditions : 
(i) f € [R, x R2, R] and there exist positive functions P(t), q(t) and HMt(t)e 
C[R,, Rs] (¢ = 1, 2) with Hi (t) non-decreasing and Hi (Kt) < Hi (K) Hi (t) for any 
K > 0 such that 


f(tju,y)<p(t) Ai (|u|) + q(t) Ae(} v1) 


and 
Tr 
| Meck as r—>oo,r>ro> 0. 
Hi (s) 3 
"0 
(ii) g he C(R,, Ry), e(t)<t, lim g(t) =. 
{70 
(iii) Tih apt sae Te J Dees wei 2: for each: fiked: v 200, 


[300 Wn-1 (ft, u) 
where wi (tf, u) is defined by 


t 1 a | 
we (t, u) = Jf ri (81) J ra (se)... § rt (st) dst ... dst. 
u uU Uu 


In what follows the term “solution” is used only for such solutions of (1) which 
are defined for alllarge t. The oscillatory character is considered in the usual sense, 
that is, a continuous real valued function which is defined on an interval of the form 
[to, 2) is called oscillatory if it has no last zero and is called non-oscillatory otherwise. 


2. Main RESULTS 
Theorem 1—Suppose that for any T = 0 


F p(t) Hy (Wn-a (t, T)) dt < ©, Fa) Ma (uns M) dt < oo -Q) 
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and 


1% h(t)dt < ©, ae eS 
rr 


Let x (t) be a solution of (1). Then (x (g (t)) = O(wn_1 (t, T)) as t > ©9. 


Proor : Let x (ft) be a solution of (1) on an interval [to, 2°), to > 0. It follows 
from (ii) and (iii) that there exists a T > to and a positive constant C such that 


o@)> te for ta 7 


and 
we (t, T)< Cowaar (tp Fp eee, 27 


Now a simple argument shows that 
n_1 t 
|x(t)| < = we(t, T)| Zex(T)| + J wa-a (s, T) | Zn x (s) | ds 
i=0 r 


t 


n_1 

t 

tO a 8 »; | Lex (1) | + | | h(s) | ds 
i=0 


r 


t 
+ J (p(s) Hi (| x (9) 1) + 9 (s) He (| x (8 (8) |] as 


t 
< lg [p (s) Hi (| x (s) | ) 
+ q(s) Hz (| x (g (s)) | )] ds ...(4) 
where 


n-l oo 
M= Cs {Lex t+ f | h(s) | ds. 
on T - 


From (4), we have 


| x (t) | 


Wan (iT) ae 


where 


t 
F(t)= M+ J lp (s) Ha (| x (8) |) + @ (8) Ho (| x (g (5) | ds. ...(5) 


Then 
1x (t) | < waa (t, T) F(t) 
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and 
| x (g (t)) | & wn (1, T) F(t) 


for t > T, since wn_; (t, T) and F(t) are non-decreasing. Hence from (5) we have 


t 
F(t)<M+ J [p (s) Hi (wn-1 (s, T)) Ai (F (s)) 


+ q(s) He (wn_1 (s, T)) He (F (s))] ds. 
By an application of Theorem !1 in!, we obtain 


F(t) < Dy (t) De (t), t > T 


where 
Dy (t) = Gj’ | Gi M + p(s) Hy (wn_s (8, T)) ds] ] 
x 
t 
Ds(t) = 6," [ Gata) + fg () Ha (na ( 7) Di ds | 
Y he 
Sagi, 
and Gi (r) = Ths) and Go. is the inverse of Gt , (i = 1, 2). 
0 
This and (2) imply that mlal RA is bounded. This completes the proof 
wn_i (ft, EY i : 
Remark : For Hz (u) = |u|", r € (0, 1], Theorem | generalizes and improves 


the results of Chen and Yeh? (Theorem 1), Chen et al.2 (Theorem 1), Singh and 
Kusano? (Theorem 1) and Tang! (Theorem 1) which require the condition 


co 
f re(t)dt=—co for i=1,2,...,0—1. 


Using Theorem | we can prove the following theorem which extends Theorem 2 
of Chen and Yeh? and Theorem 3 of Philos®. 


Theorem 2—Let (2) and (3) hold. Assme that for some TS 0 


if ra (51) Fro (sa). J (p(s) Ha (wn-a (8, T)) 
$4 Sn -1 


+ q(s) He (wn-1 (s, T))) ds dsn_a ... ds1 < © ... 6) 


oo 
T ri (si) | ro (se)... § [A (s) | ds dona... ds1 < ©. (7) 
 ¥ 8) Sn_1 
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Let x (t) be an oscillatory solution of (1). Then 


lim Z¢x(t)=0O for i=0,1,...,.” — 1. 


a) 


Proor : The proof of Theorem 2 can be modelled as that of Theorem 3 in 
Philos’ and hence is omitted. 


Example 1—Consider the differential equation 


x” +e-t-sin t x (t — sin t) = e~2 sin (t — sin t) — 2e-* cost, 
O<t Qn. ..(E3) 


All conditions of Theorem 2 are satisfied. Ithas x (t) = e-‘ sin ¢ as an oscillatory 
solution which approaches zero as f > ©°, 


Example 2—Consider the differential equation 
(e-# (et x’)’)’ + e-# x2 (t) = 2e-* sin t + e-* sin? £. ... (E2) 


All the conditions of Theorem 2 are satisfied. It has x (t) = e-‘ sin tas an oscillatory 
solution which approaches zero as f — ©9, 


Remark 2: Since rj (t) = e * > O implies r’ (t) = —e-* < 0, the condition 
r' (t) > O of Singh® is not satisfied. Also } e' dt does not tend to coc, and so 
co 
condition { ri (t) dt = oo of Chen and Yeh? is not satisfied. 


Example 3—The differential equation 


” ] 1 
x ater x(t) + 72 x(t — e#) 


& _ [sin (log (t — e~*)) — cos (log 1)] ... (Eg) 


has the oscillatory solution x (t) = sin (log f) but lim x(t) does not exist. Note 
that only condition (7) is violated. ee 
Example 4—Consider the differential equation : 
(e-* x’)’ + e St x2 (t) 4+ eW4t-64 x3 (¢ — 7) = Se-3t (sin f — cos t) 
+ e-7 sin? t — e710t sind ¢. .. (Ea) 


All conditions of Theorem 2 are satisfied. It has x(t) = e-2t sin t as an oscillatory 

solutions which approaches zero as tf > co. 
Example 5—Consider the differential equation 

(e-* x’ (t))” + (e-2t + 2e-t) x (t) + e-2t-7 x(t — 2) 


= Tet cos t + 3e-2 gin 1. .. (Es) 
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All the conditions of Theorem 2 are satisfied. It has x (t) = e-t sin f as an oscillatory 
solution which approaches zero as t — ©9, 


Example 6—Consider the differential equa'ion 


] 


x(4) (t) + t- (418) 84/x (1) = = 


[— 40 cos (log t) — 10 sin (log f£) 


+ 3/ sin (log f) J. ... (Eg) 
All the conditions of Theorem 2 are satisfied. It has an oscillatory solution 


x(t) = > sin (log t) which approaches zero as ft — ©9. 

Next we prove atheorem which extends Theorem 3 of Chen and Yeh? and 
Theorem 8 of Grace and Lalli. 

Theorem 3—Let conditions (2), (3) and (6) hold. Suppose that 


pp lean. Slee OL a 
poco =P (S) Ay (Wn-1 (t, T)) + q(t) He (wai (8, T)) 


exists. Then a necessary and sufficient condition for all oscillatory solution of (1) to 


approach zero asymptotically is that 


poe We A RS ae LY Ce en 
poco PP (S) Hy (wn-1 (t, T)) + 9 (s) He (was (1, T)) 


..(8) 
Proor : Sufficiency—Suppose (8) holds. Then 
| A(t) | < p(t) Ai (wn-1 (t, T)) + 9 (t) He (wn (t, T)) 


for ¢ large enough. Since (6) holds, we have (7) and the conclusion follows from 
Theorem 2. 


Necessity—Let x(t) bean oscillatory solution of (1) approaching zero as 
t + co. Suppose that, 


| h(t) | at: 
ov) Hien, T) +9) HaWeadet) ~~ 





Dividing equation (1) by 
p(t) Hy (wn-a (t, T)) + @ (t) He (wn-1 (t, T)) 
we have 


eS ee 
p(t) Ay (wna (t, T)) + 9 (t) He (waa (t, T)) 


f(t, x(t), x (g (t))) 
+ Sp) Ai wna (t, T) + 4 (t) He (na TT) 


(equation continued on p. 1102) 
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h(t) 
p(t) Hy (wn-1 (t, T)) + He (wna (t,T) © 


Hence we get for ¢ large enough 


gp pie) de NUS ee 
p(t) Hy (wa-1 (t, T)) + q (t) He (wn-1 (t, T)) 


h (1) 


Ay (wn-1 (t, T)) 


> >OMmaGT) + 0) taleaGT) ~ 
or 
Ln x (t) 
P(t) Ay (wan (t, T)) + 9 (1) He (wn-1 (1, T)) 
rE | x (t) | x | x (g (t)) | 
Ay (Wn-1 (ft, T)) Ho (Wn_} (t, T)) 
8), +4 |S 


S ——— ee ee ee SS ee a eee es 
P (t) Hy (Wn-1 (t, T)) + q (t) He (Wn -1 (t, T)) 


Taking the limit as t > oo, we find that Ln x (t) has one sign for sufficiently large t. 


This fact and (iii) restrict x(t) to eventually assume a constant sign, which is a 
contradiction. 


Remark 3 : In Example 5, put A (t) = Je?! cost + 3e72 sin t, p(t) = e72t 
+ 2e-*, q(t) = e-2t-7, wo (t, T) = ef and Hy (2 (t, T)) = He (Wo (t, T)) = e’, then 


ii ut) a) Ho fuc th 
tro P(t) Hy (wa (t,T)) + q(t) He (wot, T)) 





0. 


All conditions of Theorem 3 are satisfied. Hence all oscillatory solutions of (Es) 
approach zero as ft > co, 


Theorem 4—Let (2), (3) and (7) hold. If 


nk ree NT) Crd ae 
P(t) Hy (wna (t, T)) + 9 (t) He (waa (1, T)) 
is bounded, then all oscillatory solutions of (1) tend to zero as t > co, 


Proor : The proof follows from Theorem 2 and the sufficiency part of 
Theorem 3. 


Example 7—Consider the differential equation 
(e-* x’ (t))' + 412 e-* x(t) + 12 e-t-m x (t — a) 


= e~*t[2 sin t2 — 6t cos t2 + 2 cos 12 + t? sin (¢ — m2] .. (Ey) 


FUNCTIONAL DIFFERENTIAL EQUATIONS 1103 


which has x (t) = e~* sin t? as an oscillatory solution. We notice that 


h (t) 
p (t) Ay (we (t, T)) + ¢ (t) He (we (t, T)) 





is bounded and does not tend to a limit as tf + co. The equation (Ez) satisfies all the 
conditions and conclusions of Theorem 4 but not that of Theorem 3. 


Theorem 5—Suppose that 


‘one | h(t) | 
] f —.———__ > 0. 
ge BD ia dt). 5 
Let x (t) be an oscillatory solution of (1). Then 


lim sup|x(t)| > 0. 
a) 


Theorem 6—Let (2), (3) and (7) hold, of 


i | h(t) | 
lim inf [yA weal, T) +40) Ha@eaT) ~° 


and 


eee Se 
p(t) Ay (Wn-1 (t, T)) + 9 (t) Ae (wa-1 (t, T)) 


is bounded, then all solutions of eqn. (1) are non-oscillatory. 








The proofs of Theorems 5 and 6 are essentially the same as that of Theosems 5 
and 6 in Chen and Yeh, so we omit the details. 


Theorem 7—Let conditions (6) and (7) hold. If there exists a c > 0 such that 


either F 
lim inf fh) ~ (PO) Hh © +4) He ds > 0 ...(9) 
:; 
jim sup | [h(s) + (PG) Hi (@) + 4) Ho (ods < 0 (10) 
fe 


for all large 7, then any solution x (t) of (1) satisfying x (t) = O (wn-1 (t, T)) as 
t — co is non-oscillatory. 

Proor : Let x(t) be an oscillatory solution of (1) satisfying x (t) = Oo 
(wn_1(t, T)). Then by Theorem 2, Lk x(t) 20 ast, fe == 0.1, 2,4... 2 |. 
Thus there exists T > to such that 

Ln.1x(T) =0, | x(t) | <c and | x(g(t)}| <c¢ for t > T. 
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Hence 

I f(t, x(t), x (8 (1) | < p(t) Mi (c) + 9 (t) Ae (c). 
It follows from the above inequality that 

h(t) — [p(t) Mi (c) + g (t) Ho (c)] < h(t) — f(t, x (0), x (8 (2) 
< h(t) + [p (t) Mi (c) + @ (t) Ae ()] 
fort >T. Thus 


h(t) — [p(t) Mi (c) + q (t) He (c)] < In x(t) (h(t) + [p (t) M (©) 
+ q(t) Ae (c)]. (11) 


Integrating (11) from 7 to t we obtain 


\ [h (s) — (p(s) Hi (©) + 4 (8) Ha ())] ds < Ln4 x (1) 


t 
< J [h (s) + [p (s) Hi (c) + 4 (s) He (c))] ds. 
Hence if either (9) or (10) holds, x (t) cannot have arbitrarily large zero which is a 
contradiction and the proof of the theorem is complete. 


Remark 4: Almost all examples given in earlier papers?®’7°9 are linear but 
we have given several non-linear examples which are new to the literature. 


3. APPLICATIONS 


The importance of the results obtained in the previous section will be shown by 
applying them to the particular case 


r,(t) = 1, 7 — 1, 2, ..., n. 
In this case the equation (1) takes the form 

x(") (t) + f(t, x (t), x (g (2) = (1), £3> Ore 2 ...(12) 
Therefore, we have the following results. 


Corollary 1—Suppose that (3) holds and that 


TPO Fi) + 9 (t) Hy (dt < (13) 
hold. Let x(t) be a solution of (12). Then 
x (g (t)) = O(1"-1) as t + co. 
Corollary 2—Let (13) and 


Puwclich (pi Gis (14) 
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hold. If x (tf) is an oscillatory solution of (8), then 


lim x(*) (t) = 0 for k =0,1,...,2 —1. 


to 


Corollary 3—Suppose (3) and 








§ t™-1[p(t) Hy (t®-1) + g(t) He (t"-1)] dt < co sa(15) 
hold. Let 

lim ae) 

a ede) da (re) -f- g (2) fe (1*"2) 
exist. 


Then a necessary and sufficient condition for all oscillatory solutions of (12) to 
approach zero asymptotically is that 


(aie 
Geass OP EY Hy (Ot) eg (1) Ha (09) 


Corollary 4—Let (3) and (15) hold. If 


h (t) 
p(t) Hy (t™-1) + q (t) He (17-4) 


is bounded, then all oscillatory solutions of (12) tend to zero as f — ©. 


Corollary 5—Let (3) and (15) hold. If 


Bits ep Alesee ee TSR. Santo ~ 
Jim int 7 (0) Fh (3) + 4 (8) He (4) 


=x 0; (16) 





~~ 


and 


Toe bee 
p (t) Hy (t®-1) + q(t) He (i) 


is bounded, then all solutions of (12) are non-oscillatory. 
Remark : Theorems 7 and 10 of Grace and Lalli4 are included in our Corollaries 
1 and 3, respectively. 
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Vv 
We discuss conditions under which the Bishop and Silov decompositions 
for a function algebra A on a compact Hausdorff space X coincide. We 


Vv 
discuss the antialgebraic and Silov decompositions for a closed subspace M 
of Cr (X) and also give analogous conditions for these two decompositions 


Vv 
to be equal. Finally, we prove that the antialgebraic (Silov) decomposition 
of the tensor product of two subspaces equals the product of the respective 


Vv 
antialgebraic (Silov) decompositions of the factor spaces. 


1, INTRODUCTION 


Let X be acompact Hausdorff space and C (X) (resp. Cr (X)) denote the space 
of all continuous complex (resp. real) valued functions on X¥. A function algebra A on 
X is a closed subalgebra of C (X) separating points of ¥ and containing constants. The 


v 
Bishop and Silov decompositions of A are quite useful in characterizing A. Silov! 
and Bishop! proved the basic property for the decompositions (which in our termino- 
logy is ‘the (D)-property’ [see Definition 2.3]). Since then Bishop decomposition has 
become an indespensable tool for proving many results fora function algebra. In 
most of the examples, these decompositions coincide; however there are examples 
where the Bishop decomposition is strictly finer than the Silov decomposition 
(Gamelin4, also see Sarason!9, p. 462). Very few results are known about the rela- 
tion between these two decompositions. We discuss conditions under which these two 
decompositions coincide, in the second section of this paper. 


Ellis? has defined and discussed the Bishop and Silov decompositions for the 
subspace A (K) of Cr (K) of affine functions on a compact convex set K. Paltineanu 
has defined an analogue of Bishop decomposition, called antialgebraic decomposition, 
for a closed subspace M of Cr(X). In the third section, we define an analogue of 
Silov decomposition for M and prove that this and the antialgebraic decompositions 


for M, play a role similar to the role of Silov and Bishop decompositions for a func- 
tion algebra A. Again, in general, the antialgebraic decomposition is finer than the 
Silov decomposition and we prove results analogus to Section 2, giving conditions un- 
der which these decompositions coincide. 
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Tensor product of two algebraic structures is a tool to construct a similar new 
structure. The Bishop decomposition of the tensor product of two function algebras 
is known (Leibowitz8, p. 221) to be the product of the Bishop decompositions of 
the factor algebras. In Section 4, we prove that similar results hold for the antialge- 


Vv 
braic and Silov decompositions of tensor product of closed subspaces. 


2. FUNCTION ALGEBRAS 


Throughout this Section A denotes a function algebra on X¥. A subset K of X 
is said to be a set of antisymmetry for A, iff € A and f|« is real valued implies 
f\ «is constant. The collection of all maximal sets of antisymmetry forms a decom- 
position of X into closed sets (Leibowitz®, p. 38) called the antisymmetric or Bishop 
decomposition of X with respect to A. It is denoted by “4. 


Let Ar = A () Cr(X). A maximal set of constancy for Ar is called a level set 
for A. The collection of all level sets for A also forms a decomposition of X, called 


Vv 
the Silov decomposition (Gamelin4) of X with respect to A. It is denoted by Fu. If it 
is clear from the context which function algebra is discussed, we write % (resp. F)in 
place of #4 (resp. Fa). Before we prove the results, we need some terminology. 


Definition 2.1\—Let &; and &2 be two families of subsets of X¥. If, for every Fi 
€ &j, there exists Ey € &2 such that Ey C Eo, then @} is said to be finer than @2. 


It is clear that if &; and &2 are finer than each other and if members of each 
are pairwise disjoint, then 6) = @o. 


Definition 2.2—A decomposition & of a topological space is said to be upper 
semicontinuous (u.s.c), if for each Ein & and each open set U containing E there is an 
open set V such that E C V C U and V is the union of members of @. 


Definition 2.38— A family & of closed subsets of XY is said to have the (D)-property 


for A,if fe C(X)andf| z€(A]| xz) forallE € & implies f € A: where (A | <)- 
denotes the uniform closure of A | £ in C (E). 


Remarks 2.4: (i) It is clear from the definition that % is finer than F. 


(ii) F is upper semicontinuous [Kaplan’, p. 178]. 


(iii) # has the (D)-property for A by the Bishop’s generalized 
Stone-Weierstrass theorem. 


(iv) If &1 is finer then @2 and #1 has the (D)-property for A, then 
2 also has the (D)-property for A. Consequently, & has the (D)-property for A. 


As we have noted, in general % is finer than F. But in most of the standard 


examples (C (X), A (D), antisymmetric algebras), £& = GF. However there are ex- 
amples where these two decompositions are not equal4, We give certain conditions 
under which ¥Y = &. 
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Theorem 2.5—If & is an upper semicontinuous decomposition of Y having the 
(D)-property for A, then ¥ is finer than @. 

Proor : Let X/f denote the quotient space of Y obtained by 6 andq: X¥ > x/&é 
the corresponding quotient map. Then, for f€ C(X/&), fo gE C(X). Also 
(f° q| «is constant foreach E € &. Therefore (f © q) | cE A| £. Since & has the 
(D)- property for A, fo q © A. Hence fo g € Ar for each f E Cr(X/@). 

LetF © Hand fe Cr(X/€). Then f  qis constant on F, i.e. f is constant 
on q (F) for every f © Cr (X/&). Now X/& is Hausdorff as @ is u.s.c. (Kaplan’, p.177). 


Hence q (F) must be a singleton set or F C E for some E € @, which proves that F 
is finer than @. 


The following corollary is immediate. 
Corollary 2.6 (Glicksberg®, p. 433)—If % is u.s.c., then. = GF. 


It also follows from the above theorem that the Bishop decomposition determines 
V 


the Silov decomposition as the next corollary shows. 


Corollary 2.7—\et A and B be function algebras on Y. If “#4 = &s, then 
Faz Fa. 

PrRooF: Since # zis finer than Fa, Fa has the ‘(D)-Property for B. Also, 
A 4 is upper semicontinuous. So by Theorem 2.5, Fe is finer than Fu. By the same 
argument, Ya is finerthan Ys. Hence Ga = Fas. 


The following example shows that the converse of the Corollary 2.7 is not true. 

Example 2.2—Let ] = (0, 1] and D= {z Ed;|z| <1}. Lett X¥ = {r,z) € 
roe De ye Sol 7/z}.) For a fixed’ rel, let’ X,' = {(r,; 2); (r, z) EX}. For 
fe C(X), let fr be defined on Xr by fr (z) = f(r, z). 

Let A = { f € C(X); fris analytic on the interior of Xr, forO <r < 1} and 
B={f € C(X); fr can be uniformly approximated by polynomials on Xr, for 0 < r 
<1}. Then A and Bare function algebras on X. It can be checked that Fa = (Xz; 
0O<r<l} = Fa= Hs. Further 44 = {X53 0<r< 1} U {0,2} 1z| = 1} 
[Glicksberg5, Example 5.1]. Hence Fs = Dabut Ma H+ Ka. 


We give some additional results asserting the equality of “ and J. 
Theorem 2.9—If F has finitely many members, then # = F. 


Proor : Suppose that F = {F1, Fo, ..., Fn}. Weshall show that each Fiisa 
ret of antisymmetry, which proves the result 


For F, and Fj, j ~ 1, there exists /17 € Az such that fis = | on F, and fis = 0 
on Fy. Take fi = fiz fis. fine Then fi € Ar, fi = 1 on Fy, and fi = 0 on F3 
for all 71. Similarly, for eachi = 2,3,.., ”, there exists ft € Ar such that 
ft = 1on Ft and fi = 0 on Fy for all j # i. 
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Let g € Aandg | r, be real valued. Then ft = gfi isin Ar and hence hi is 
constant on Fi. But/t = g on Fi and therefore g is constant on Fi, Thus Fi is a set 


of antisymmetry for A. 


In view of Remark 2.4 (i) it is immediate from Theorem 2.9 that if X has finitely 
many members, then 4 = F. The following theorem shows that somewhat stronger 
result holds. 


Theorem 2.10—If % has countably many members, then 4% = F. 

Proor : Suppose % = {Ki, Ke, ...}. Let F € YF. By Proposition 2 of 
Sidney!1, either “(41,) = {F} or F(4,) is uncountable. Now, since F is a level set, 
HM (ay =~ A OF Sth F; i= 1,2, .ut}linent (alpy is almost countable; 
Therefore, F(aull,) cannot be uncountable. Hence F(4],) = {F}, which implies that 
A | ris an antisymmetric algebra. Thus F € “4% or 4 = F. 


Remark 2.11 : If has countably many members then .¥ and FY may not be 
equalé, 


3. CrLosep Susspaces OF Cr (X) 
Vv 
We have discussed some results about the Bishop and Silov decompositions for 


a function algebra on XY. Analogous results hold for any closed subalgebra of C (X) 
V 


containing constants. Feyel® has defined the Bishop and Silov decompositions for a 
subspace of C (X). In case of a closed subspace of Cr (X) containing constants, these 
decompositions coincide with the decompositions we consider below. Also, all the 
results which we prove remain true for a subspace of C(X) without any essential 
change in the proof. Hence we restrict our discussion to subspaces of Cr (X) only. 


Let M be a closed subspace of Cr (X) with 1 € M. For a subset S of X, define 
Gu (S)={f € M; foreach g € M, 3h E M such that fg = hon S}. 


Then it is easy to see that Gu (S) is a closed subspace and Gm (X) is an algebra. If 
M is fixed, we write G (S) in place of Gm (S). 


Definition 3.19—S is called an antialgebraic set for M, if f E G (S) implies f is 
constant on S, 


The collection of all maximal antialgebraic sets for M is a decomposition of X¥ 
(Paltineanu9) and is denoted by $m. 


Definition 3.2—A maximal set of constancy for G (X) is called a level set for M. 
Vv 


We call the corresponding decomposition the Silov decomposition for M and denote 
it by Gm. 


As in the second section we use (and @ in place of Yu and @m. 
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Remarks 3.3: (i) It is clear from the definition of G (S) that if S; C So then 
G (S2) C G (S}). Consequently, (is finer than @. If Mis an algebra, then VW = @ 
as G (S) = M for each SC X. 


(ii) has the (D)-property w.r. to M (Paltineanu®, Theorem 1). Consequently, 
@, too, has the (D)-property for M. 


(iii) @ is an us.c. decomposition. 
Thus the basic properties of and @ for M, correspond to the respective pro- 


perties of “ and F fora function algebra A. We will show that most of the results 
of section 2 hold true if “ and & are replaced by (and @. 


Theorem 3.4—If ¢ is an u.s c. decomposition of X with (D)-property for M, then 
@ is finer then &. 


Proor: Let FE @. For f € Cr(X/&), we have f og € Cr(X), where 
q:X + X/é is the quotient map. Also(fe gq) | £ is constant, say «rc, foreach E € @. 
Hence f° q € M, by the (D)-property. To show that fo g € G(X), let hE M. 
Then, (fe q)h| e&=«rh|rEM|r forall E€ @. Since & has the (D)-property 
for M,(f° q)h € M. Hence fe g € G(X) and so, as in the proof of Theorem 2.5, 
FC Eforsome FE @. 


Corollary 3.5—If Wis u.s.c. then Y= @. 


Corollary 3.6—Let M, and Mz be closed subspaces of Cr (X) containing con- 
stants. If Su, = Feo; then @m, = €m,. 


Note: We shall give an example [Example 3.9] to show that the converse of 
the Corollary 3.6 does not hold in general. 


Theorem 3.7—If @ consists of finitely many members, then 7 = @. 


Proor : Suppose that @ = {F4, Fo, ..., Fn}. Now G(X) is an algebra and hence 
as in the proof of Theorem 2.8, for eachi = 1, 2, ...,, there exists fi € G (X) such 
that fs = 1 on Fi and fit = 0 on Fj for all 7 Fi. 


Letg EG (Ft). Since fi € G(X), eft © M. Toshow that gfi € G(X), leth € M, 
Then, (gfi) h.| r, = (gh) | F, ft | r, = 0,if k Ai and (gfi)h| r,=shl| rE M| ry 
since g € G(Fi). So by the (D)-property of @, (gft) h € M. Hence gft € G (X). 
Therefore, gft is constant on Ft and hence g is constant of Fi. This proves that Ft 
is an antialgebraic set for M. Consequently, 7 = @. 


k 3.3 (i), itis clear from the above theorem that if SF 


in in Vi f Remar 
Again in view o > 


has finitely many members, then Y= ©. However, we do not know whether 
and @ concide if (has countably many members. 


To give the promised example showing the falsehood of the converse of the 


Corollary 3.6, we need to develop certain machinery. 
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Vv 

As we have mentioned in the introduction, the Bishop AK a(x) and Silov (FaAk)) 
decompositions for A (K) have been discussed by Ellis?. In fact, these are decomposi- ~ 
‘tions of 8K, the set of extreme points of K. The members of & a(x) and Fa(x), are 


closed split faces of K. 
Now, let A be a function algebra on X¥ and S the State space (Ellis?, p. 564) 


of A, Z = co (S U (— iS)), the closed convex hull of S U (—#S). Then there exists 
a topological isomorphism of A onto A (Z) and each KE &#a (FE Fa) is of the 
form K = K'Q X (F = F'(\ X) forsome K’in # a(z) (F°€ Fuz)). It can be 
seen further that this correspondence between “4 and % 4(z) (resp. Fa and Faz) 
is one-one also, for if Fy and F2 are closed faces of Z such thathi; N X= Fon X 
then F; = Fo. Consequently, we get 


Proposition 3.8—H4 = Fa iff La(z) = Fa(z). 
Ellis? has also defined a decomposition of ‘Maximal weak sets of antisymmetry’ 
for A(K). Incaseof A (Z), it coincides with #4(z). Thus the family of maximal 


weak sets of antisymmetry for A (Z) in 0Z is the family {(F M @Z; F € Xaz)} 


= £4(z) éZ. Itis shown in [Paltineanu9, Remark 4] thatif M = A (K) OK 
then $w coincides with the family of maximal weak sets of antisymmetry for A (KX) 


in @K. Therefore, for M = A (Z) | a7 Fu = Haz) 0 éZ. Also the family 


Faz) 1 OZ forms the maximal sets of constancy of the central functions in A (Z). 
Since G (6Z) = the restriction of central functions in A (Z) to eZ, Em = Faz) 
aZ. 

Now we are ready to give the example (Gamelin4). 

Example 3.9—Let A be the function algebra (Gamelin4) for which #4 # Fa. 
Then, by Proposition 3.8, # 4(z) # Fa. Since the decompositions consits of closed 
faces of Z, itcan be easily seen that, “.4(z) Q éZ + Faz) (1\ @Z. Now, let 
M, = A(Z\-5-and Mz = Gm, (6Z), Then Fuy= H(z) N OZ F Faz) O 


62 = 6m, Also Su, = Cm. But Mz = Gm,(@Z), and hence @m, = Cm. 
Thus Gm, = Gm, but Yu, # Sm, 


4. Tensor Propucr 


The tensor product Of two function algebras is a function algebra and its pro- 
perties have been discussed in Leibowitz’ (p. 218). In particular it is known that 


age = Ap X A. (Leibowitz8, p. 221). On the some line, it can be Shown that 
Fra@s= Fax Fa. 
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Now the tensor product can also be defined for subspaces. So, the natural question 


is ‘what about the corresponding antialgebraic and Site decompositions ?? We prove 


that SF A = Gu X Prand @ A =GmxX @wn, where M and N are closed 
1@n MOQn | 


subspaces of Cr (X) and Cr (Y) respectively, containing constants. As usual, / @ N 
denotes the uniform closure of the space of all finite linear combinations of functions 
{f @g;fE M, gE N}, where f @ gis a function on X x Y defined by (f @ 8) 


(x, vy) =f (x) g(y). It is easy to see that M @ N contains constants. For f€ M @ 
N,feENY¥xEX and fy M¥yEY, where fr (vy) = f(x, y)(y € Y) and 
fu (%) =f (x, y) (x € X). 


Lemma 4.1\—Let S C XandT Y. 
Gi) IffEG A (S x T)thenfz E Gw (T) and 
M@wN 


fy © Ga (S) for each x € Sandy € T. 
A 
(ii) Gu (S) @ Gv(TIC Gs (S x 7). 


Proor : Since there is no likelihood of confusion, we write G (S x T), G (S) 


andG(T)inplaceof G A (S x T), Gu (S) and Gw (T). 
MON 


A 
(i) Clearly feE€ N. Letg EN. Then! @gEM@N. Since f € G(S xX 7), 


there exists h © M @ N such that f (1 @g)=h on SXT. Then he E N 
and(f(1 @g))z =hzonT forx ES. But(f(! @g))z =fz g. Therefore, fz g 
= hz on T for each x € S. Hence fz € G(T) for each x € S. By the same argument 
one can show that fy € G (S) for y € T. 


(ii) Letd € G(S) @ G(T). Then ¢ = afi ® gt, where fi € G(S) and gt € G(T). 


Clearly, ¢ € M ® N. LetvEeE M @N. Theny = z pi @ qi, where pj © M 
and gi € N. Nowfi € G(S)and pj © M. So, there exists hij € M such that At 
= fi pyon S. Similarly, there exists h,, € N such that gj qj = /,, on 7. Take 


h= ys: hy @h,. ThenhE M@Nand¢y = honS x T. Therefore, since 


M @ N is dense in M & N, it follows that ¢ € G(S x T),1.¢., 
A 
G (S) ® G(T) C G (S x T). Hence, G(S) @ G(T) C G(S x T). 
Finally, we prove the results regarding decompositions for the tensor product. 


Theorem 4.2—Let M and N be closed subspaces of Cr (X) and Cr (¥) respecti- 
vely, containing constants. Then 
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(i) Fi Ow = Fu xX Fn 
and 

i) ¢ A = Cm X En. 

(ii) G bee GM N 


Proor : (i) Let S€ Yu, T € Fw andf € G(S x T). Then, by the Lemma 
4.1 (i), fe © G(T) and fy € G(S) for x € Sand y € T. Therefore, fz is constant 
on T and f, is constant on S, forx € S, y € T. Hence f is constant on A Sol! 


A . 
i.e. S X Tis an antialgebraic set for M @® N. Hence, there exists H € end 
such that S x TC H. 


Let px and p, denote the projections of X x Y onto X and Y, respectively. Let 
g © G(pz(H)). Then, by the Lemma 4.1 (ii), g @ € G(pz (H) x py (H)). So,g @ 1 


EG(A). SineHE F 4 , g ® 1 is constant on H and hence g is constant on 
MH*'N 


Pz (H), i. e. px (A) is an antialgebraic setfor M. But SC pz (H) and SE Ym. 
Therefore S = pz(H). Similarly, T = py(H). ThusS x T= H. 


A . 
(ii) By the Lemma 4.1 (ii), we have G (X) ® G(Y) C G(X x Y). Hence oe is 
finerthan @u x €n. 


Conversely, suppose F © @m and K € @w. Let f € G(X x Y). Then, by the 
Lemma 4.1 (i), fe € G(Y) and fy € G(X) forx € X¥, yE Y. So, fe is constant 
on F and fyis constant on K for x € X, y € Y. Hence f is constant on F x K, 
i.e. F X K is a set of constancy forG(X x Y). Therefore, @m x €vn is finer then 


a4 A ? i a QAI aes nred A 
C. iy" Consequently, @m xX €n CL aS 
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Salzmann‘ has proved the following theorem: In a topological projective 
plane the connectedness of 


(a) the space of points 

(b) the space of lines 

(c) aray of points 

(d) a ray of affine points 

(e) the set of points of an affine plane 


are all equivalent. In this paper we prove a similar theorem for several other 
topological properties. 
1. INTRODUCTION 


A topological projective plane is a projective plane in which the set of points 
and the set of lines ¥ are endowed with topologies tg and tp respectively such 
that the operations of joining and intersecting are continuous in both variables. If 
either t mort wis different from the indiscrete topology, then both tgandt yp 
are Hausdorff. Hence we assume throughout that all the spaces involved are Hausdorff. 
Salzmann? has proved the following theorem. 


In a topological projective plane the connectedness of 
(a) the space of points 
(b) the space of lines 
(c) a ray of points 
(d) a ray of affine points 
(e) the set of points of an affine plane 


are all equivalent. 


In this paper we prove a similar theorem for several other topological properties. 
For topological terminology we refer Dugundji?. The following theorems are used in 


the sequel. 
Theorem \.1°—(F, t g) and (¥, ty) are always regular topological spaces. 
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Theorem 1.28—In a topological projective plane each ray of points and each 
pencil of lines are closed. 


Theorem 1.3°—In a topological projective plane the relative topology on a ray 
of points and a pencil of lines are homeomorphic. 


Theorem 1.45—In a topological projective plane the set of points of an affine 
plane is homeomorphic to the product of an affine ray with itself. 


2. MAIN RESULTS 


Theorem 2.1—In a topological projective plane the path connectedness of 
(a) the space of points 

(b) the space of lines 

(c) a ray of points 

(d) a ray of affine points 

(e) the set of points of an affine plane 


are all equivalent. 


Proor : The product of two topological spaces is path connected iff each is path 
connected. Hence by Theorem 1.4, the path connectedness of (d) and (e) are equiva- 
lent. Also union of any family of path connected spaces having nonempty intersec- 
tion is path connected and hence the path connectedness of (d) implies that of (e) and 
(a) and the path connectedness of (c) implies that of (a). Now, to prove that the path 
connectedness of (a) implies that of (c), suppose that the ray of points of a line / is 
not path connected. Let P € J. The path component of P in /is left unchanged by 
all homeomorphisms of the ray of points of / which fix P and through such homeo- 
morphisms any point # Pon/ can be mapped to any point + Pon/. Hence the 
path component of P in / is {P}. Now, let O be any point not on/and let D bethe 
path component of Pin &-—{Q}. Suppose D contains a point R not lying on the 
line PQ. Since X>Q X (CQ 1 is continuous at all points ~ Q and the continuous image 
of a path connected sapce is path connected, the image of 2D under this map is a 
path connected subset of / containing P and OR (\ 1. Thus the path component of P 
in / contains more than one point which is a contradiction. Hence D C PO—{Q}. 
But the path component of P in any ray of points is {P} and hence D = {P}. Thus 
for any arbitrary point O + P, the path component of P in & — {0} is{P} and 
hence P cannot be joined to any other point by a path in PD. Hence Wis not path 
connected and thus the path connectedness of (a) implies that of (c). 
prove that path connectedness of (c) implies that of (d). Now, suppos 
of points is path connected. Then a ray of points is path connec 
Theorem 1,2, each pencil of lines is path connected. Hence the space 


Similarly we can 
e that the space 
ted and hence by 
of lines is path 
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connected. Thus the path connectedness of (a) implies that of (b). Similarly the path 
connectedness of (b) implies that of (a). 


Corollary 2.2—A topological projective plane which is not path connected is 
totally path disconnected. 


Theorem 2.3—In a topological projective plane, the local connectedness, the 


property of having a c-locally finite base, second countability, separability and first 
countability of 


(a) the space of points 

(b) the space of lines 

(c) a ray of points 

(d) a ray of affine points 

(e) the set of points of an affine plane 


are all equivalent. 


Proor: We prove the theorem for locally connectedness and the proof for the 
remaining properties is similar. Since an open subspace of a locally connected space 
is locally connected, the local connectedness of (a) implies that of (e) by Theorem 1.2. 
Now suppose that the set of points of any affine plane is locally connected. Let OEUV 
be the quadrangle of reference. If Bi, Bo, Mz are bases consisting of open connected 
sets for the affine planes PY — VU, PH — OV and HY — OU respectively, then 
FiUvUF2UFs3 is a base consisting of open connected sets for &. Thus the local 
connectedness of (a) and (e) are equivalent. By a similar argument we can prove the 
equivalence of the local connectedness of (c) and (d). We now prove the equivalence 
of the local connectedness of (a) and (b). Suppose that the space of lines Y is locally 
connected. By Theorem 1.2 the set 1 of all lines not passing through a point V is an 
open set in ¥ and hence is locally connected. Also -¥71 is homeomorphic to the set 
of points of an affine plane. Hence the set of points of an affine plane is locally 
connected. Hence F is locally connected. Thus the local connectedness of (b) implies 
that of (a). Similarly if H is locally connected, if follows that the complement of any 
pencil of lines in ¥ is locally connected and hence ¥ is locally connected. The 
equivalence of the local connectedness of (d) and (e) follows from Theorem 1.4. 


Theorem 2.4—In a topological projective plane the metrizability of 
(a) the space of points 

(b) the space of lines 

(c) aray of points 


(d) a ray of affine points 
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(e) the set of points of an affine plane 


are all equivalent. 


Proor : A topological space is metrizable iff it is regular and has _ 9-locally finite 
base (Dugundji?, page 194). Hence the result follows from Theorem 2.3. 


3. CONCLUSION 


No known topological projective planes have non-homeomorphic topologies on 
the space of points and lines. In Theorems 2.1, 2.3 and 2.4 we have proved for several 
topological properties P that the space of points has property P iff the space of lines 
has P, Further in! we have proved that in a topological pappian plane the space of 
points is homeomorphic to the space of lines. Wyler® has proved a similar theorem 
for ordered projective planes. Hence we take the risk of making the following. 


Conjecture—IJn a topological projective plane the space of points is homeomor- 
phic to the space of lines. 
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Kon! gave necessary conditions for an invariant submanifold M of a K-contact 
Riemannian manifold [7 to be minimal and gave the necessary and sufficient 


conditions for M to be totally geodesic. Further Endo? also has shown that 
an invariant submanifold M of a K-contact Riemannian manifold {7 is mini- 


mal. Here we give some conditions for the invariant submanifold of a con- 
formal K-contact Riemannian manifold to be minimal and totally geodesic. 


1. PRELIMINARIES 
A conformal K-contact Riemannian manifold M is defined? as an almost 
Sasakian manifold with structure tensors ¢, E, n, 2 in which the associated vector 


field & is aconformal killing vector field i. e. in which 
(ven (Y) + (Vpn) (X) = 2a 2X, Y) 
where v is the Riemannian connection, X, Y are vector fields on M and « is a scalar. 


If, in particular, « = 0, then the manifold is a K-contact manifold?. 


For a conformal K-contact Riemannian manifold M, we have® 


$F =07@<1 PX=_—X + (HE (A) 
202,46 T) = 21%, 1) — 9(2)2 (1), (X= 2 & X) (12) 
for any vector fields ¥ and Y on M. 


It is known? that in a conformal K-contact Riemannian manifold, the following 
formulas hold : 


B(x, T) = a 2(%7) — Wp = Gyn (X) — «21K 
...(1.3) 
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2(X, TY) + « O(X, YT) + 1 (Vpe ¥) = 1(X) n(X) enrlis) 


where K is the Riemannian curvature tensor on MV and © (2, FB = 24644272. 


By virtue of the above relations, we have 


Vee = ¢ X +aX ae te | 
K(X, &) Y= (vee) F + Ea) 2 (X,Y) & — (Xa) F (1.7) 
K(X,8) F=— X— H(R)E + Eady (QE — (Ra). ..-(1.8) 


Let M be an (2m + 1) dimensional (n > m) manifold imbedded in MZ. The in- 
duced metric g of M is given by g (X, Y) = z (X, Y) for any vector fields ¥, Yon M. 
Let Tz (M) and Tz(M)! denote that tangent and normal bundles of Mand x Ee M. 
Let yx denote the Riemannian connection on M determined by the induced metric 
g and K denote the Riemannian curvature tensor of M. Then Gauss-Weingarten for- 
mula is given by 


Vx¥ = yx¥ + B(X,Y¥), YxN = — Aw (X) + DxN (1.9) 


for any vector fields ¥, Y tangent to M and any vector fleld N normal to M, where D 
is the operator of covariant differentiation with respect to the linear connection induced 
in the normal bundle Ty (M)!. Both A and B are called the second fundamental 
forms of M and they satisfy 2 (B (X, Y), N) = g (An (X, (Y). 

A submanifold M of M is said to be invariant if Ee tangent to M everywhere on 


Mand $Xis tangent to M for any tangent vector Yto M. An invariant submani- 
fold M has the induced structure tensors (¢, & 1, g). 


2. INVARIANT SUBMANIFOLDS IN CONFORMAL K-CONTACT RIEMANNIAN MANIFOLD 


Let M be a (2n + 1) dimensional conformal K-contact Riemannian manifold 
and M a (2m + 1) dimensional (n > m) manifold imbedded in 1. 


For the second fundamental] form B of an invariant submanifold M of a confor- 


mal K-contact Riemannian manifold, we define its covariant derivative (Vx B) by 
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(vx B)(Y, Z) = Dx (B(Y, Z)) — B(vx ¥, Z)— B Ver). ..:.(2:1) 
X, Y, Z € X (M)— the set of all differentiable vector fields on M. 
Then by (1.9), we obtain 


K (X,Y) Z = K(X, Y) Z — Anvy,z) (X) + Axz,z) (Y) 


+ (yxB) (Y, Z) — (wy B) (X, Z). 


Lemma 2.1—If M is an invariant submanifold of a conforml K-contact Rieman- 
nian manifold M, then its second fundamental form B satisfies B (X, &) = 0 for any 
XE X(M). 


Proor : Since a is tangent to M everywhere on M, we have 
vx — = vx & = yb + B(X,&). (2.3) 


Since by (1.6), Axé is tangent to M for any ¥ € X(M), then by taking the normal 
parts of 2.3), we get B(X, &) = 0. 


Lemma 2.2 —Any invariant submanifold M with induced structure tensors of a 
conformal K-contact Riemannian manifold M is also conformal K-contact. 


Proor : From (2.2) and Lemma 2.1, we have 


K(x, DE = K(X, E + (yx B)(E &) — (Ve B)(X, 8). (2.4) 
Again from (2.1) and Lemma 2.1, we get 

(yx B)(&, &) =0 = (255) 
and 

(Ve B) (X, §&) = 0. -..(26) 


Finally using (2.5) (2.6) and (1 .7) in (2.4) we obtain 


K (X, &) & = K(X, 8) & =X — yn (XE +E) 1H) E — (Xa) 6. 
T his shows that M is a conformal K-contact Riemannian manifold. 
Lemma 2.3—Let M be an invariant submanifold of a conformal K-contact Rie- 
mannian manifold M. Then K (x, t) Yis tangent to M if and only if WHat cy) 
=B(X, ¢ Y) for any (X, YE X (M). 


Proor : It isseen in Lemma 2.2 that M is also conformal K-contact Riemannian 
manifold. Since & is a conformal killing vector field on M and M, by virtue of (1.7) 


we have 
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K(X, )Y¥ = (yx d)¥ +2 (%Y) Ea) & —(XaY ...(2.7) 
and 
K (X,§) ¥ = (vx d)¥ + ge (X,Y) (Ea) — (Xa) Y. ...(2.8) 
On the otherhand, from (1.9) we have 
vx (6 Y) = yx ($Y) + B(X, #Y) = (vx #) ¥+ o (vx V+ BO, a 
and 


vx GY) = (Vx V+ (VxY) =(¥x HJ Y¥+¢(vx ¥ + B(x, Y)) 


= (vx $)¥+ (vx Y) +  B(X,Y). ...(2.10) 
From (2.7), (2.8), (2.9) and (2,10) we have 
K(X, §) Y — g (X,Y) (Ea) & — (Xe) ¥ — K(X,8)Y¥ 
+ B(X,Y) — «) + (Xa) Y= $ B(X,Y) — B(X,¢Y) 
which implies 
K (X, &) ¥ — K(X,&) Y¥ = ¢B(X,Y) — B(X, 4Y) 
Hence the Lemma. Q.E.D. 
Lemma 2.4—For an invariant submanifold M of a conformal K-contact Rieman- 
nian manifold M, if the vector field ¥ on M is orthogonal to &, then we have 
¢ K(—,N)X = — K(&,N) ¢X—2(Na) OX 
where WN is a vector field normal to M. 


Proor : From (1.1), we find 
vw ($2 X) = — ywX + B (ywX,8) E + 2(X, we) & 
On the other hand, we have 


vy (2X) = (yw OX + dv OX+ Bw 
= K (N, &) ¢X— (Ea)g(N,$X) + (Na) $X 
+¢# K(N, )X— a) Zn, XG E+ (Na) FX 
—~wX+2 (WwXx,8) & 
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2(X,uv &) £+ (XE) yw E=K(N, HX — a) Z(N,SXE 


+ 2(Noa) ¢X¥ + 4¢6K(N,&)X 
from which 


O= 9 (X) GN +N) 4+2(X,EN+aN)E 
= K(N,E)¢X+¢4K(N,8) X +(Ea)Z(N,6 X) © + 2(Na) 6X 


= K(N,&) ¢X+4K(N,8)X + 2(Na) dX 


Theorem 2.1—Any invariant submanifold M of a conformal K-contact Riemannian 
manifold M is minimal. 


Proor : From the proof of Lemma 2.3, we have 
g (K(X, 5) ¥, N) = 3(B (X,4Y), N) — 8 (8 B(X,Y), N) 
= g(An X, #Y) + 2 (Ay X, Y) 
where Aw is defined to be g (B(X, Y), N) = g (Aw X, Y). 
Replacing Y by ¢ Y, we find 
g (Aw X,Y) = — g (K(X, 8) #¥,N) + & (Aqy X, $Y). 
Taking a ¢-basis {&; e1, ..., em: $ ey, ..., $6 em} 


we have 


m — 
Tr An = — Ro A Sg E) de, N) 


™m _ 
— 2 2K (¢ ei, &) 62 e,N) — Tr An $ 
i=1 


m _ 
= & 2(K (¢ et, et) &, N) 
i-1 


since ¢ is skew-symmetric, Tr Aw ¢ vanishes identically and by virtue of Bianchi’s 
identity. 
On the other hand, by Lemma 2.4, we get 
2(K(¢ et, a) &, N)=@ (K (&, N) ¢ et, e4) 
= —2(K (E, N) et, et) — 2(Na)g (¢ &, &) 


(equation continued on p. 1124) 
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= — 2(¢K (&, N) ei, e) 
= 2 (K(E, N) et, $ et) 
= 2(K (et, ¢ et), &, N) 
= — 2p (K (et, et) &, N) 
from which 2 (K (¢ et, et) &, N) = 0. Thus we have Tr Aw = 0 forall N,i.e. Tr B 


= 0, which shows that M is minimal 


We consider the second fundamental form B of Masa normal bundle valued 
symmetric 2-form 


B: Tz(M) X Tz(M) > Tz(M)' ateachx € M. 
Then for any X, Y, Z,W € X (M), we have 


(K (X,Y) © B)(Z,W) = K2 (X,Y) (B(Z,W)) — B(K(X, Y) Z, W) 
— B(Z, K(X,Y)W) 
Putting Y = Z = &, and using Lemma 2.! and (1.8), we get 
(K (X, §). B) (6, W) = K(X, &) (BE, W)) — B(K (X, 8) (6, W) 
— B(é, K (X, &) W) = — B(X, W). 
Then it follows that 


Proposition 2.1\—Let M be an ifvariant submanifold of a conformal K-contact 
Riemannian manifold M. Then M is minimal if any only if 


qm? 
> (K (Vi, &). B) (&, Vi) = 0, where (Vj, ..., Vom) is a frame in Tx(M). 
i=1 


Proposition 2.2—Let M be an invariant submanifold of a conformal K-contact 


Riemannian manifold M. Then M is totally geodesic if and only if K(X, t). B= 0 
for any X € X (MM). 


From Propositions 2,1 and 2.2, we have 


Proposition 2.3—Let M be an invariant submanifold of a conformal K-contact 


Riemannian manifold M. Then M is totally geodesic if and only if its second funda- 
mental form B is covariantly constant. 
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In this paper we establish an inversion formula for the Weber-Orr transforms 
Wy, [3] of order (4, v), and derive many known results as special cases. 


1. INTRODUCTION 


In recent years there have been several applications to elasticity of a formula 
originally due to Weber, which gives an expression of a continuous function f as a 
repeated integral (Erdelyi ef al.1, p. 74) 


foe) 


tdt Jc. (st, t) sf (s) ds pUlet) 
1 





es zy Cy (xt, 1) 
eoSeitt ire oat) 


where 
Cy (a, B) = Jv (%) Yv(B) — Jy (B) Fv (a). 


J, and Y, being the usual Bessel functions of order v. This formula was rediscovered 


by Orr, and Titchwarsh? gave a rigorous proof of the formula (1.1) in the following 
form. 


Ifx > a> 0, and sf (s) is summable in the infinite interval (a, oo) and f (s) 


is of bounded variation in a neighbourhood of ft = x, then for any real y, 


[ Cy (xt, at) 


t dt) Cy (st, ae . 
2 - (at) + y? (at) | (st, sa) sf (s) S {f(x +) +f (x )}. 


This is referred to as the Weber-Orr expansion theorem. Alternatively, we restate the 
above result as follows. 


Theorem 1.1—If 


(i) | i Vet (CO mete 


(ii) f continuous on (a. c°), and 
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(iii) of (&) = J Ry,v (8; P, a) Pf (Pp) dP = Wy [Ff (P); &] park dia) 
fae fe Ry,v (E: Pp = = F 
f (P) = lee Ss Ef Ed = ae Lf (8); P] pl 
0 
where 
Ry,y (&; P,a) = Jy (EP) Yy (Ea) — Jy (Ea) Yy (EP). ...(1.4) 


The equations (1.2) and (1.3) define the operators Wy,y [;| and w-" [;] as the trans- 


form and inverse Weber-Orr tronsforms respectively. We shall call (v, v) as the order 
of the operator W,,, [;]. Recently, associated Weber-Orr transforms of the form 
Wy-1,y [;] and W,y_2,y [;] were introduced in Krajewsk and Olesiak*, where it is proved 
that for k = | and 2, if 


f © = Wek LF (Ps) = FP Rots GP, a) Pf(P) dP 


then 


f®)=Woy UFO; l= {2 Gt — Ef (e) dé 
5, J? (Ea) + YF (Ea) 


where 
Ry_k,y (EP, a) = Jv-z (EP) Yu (Ea) — Jv (Ea) Yo_x (EP). 


The object of this present note is to introduce the Associated Weber-Orr transform 
W,.,v [;] of arbitrary order (, v) and establish their inverse transforms W,,., [;] for 


general values of the parameters and v. Thus generalizing the Weber-Orr transfor- 
mation, Wy,y [;] and its inverse transformation, Wy,v [;]. Allthe known results can 
easily be derived as special cases of our general formulae. 


2. PRELIMINARIES 
Many properties of the Weber-Orr transforms resemble those of Hankel trans- 


co 
forms. For instance, assuming that, for an arbitrary function /, | J a/ x f (x) dx | <©0, 


we have from the definition (1.2) 


F = Wow LS (Ps 1 = F Rew G Po) OS (P) AP Qa) 
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where 
Ru,y (E, P, «) = Jy (E P) Yv (Ea) — Jv (Ea) Yu (EP). ...(2.2) 


Now integrating by parts the right-hand side of (2.1), we immediately obtain the fol- 
lowing result : 











Wusrsy (Pr So (P* SP); EL = — EWov LF (5 
— af (4) Rusi,yv (6, @, a). .-.(2.3) 

The special cases can easily be derived, using the fact that (Watson4, p. 46). 

Ry-1, (&, a, a) net Ry,v-1 (§; 4a, a) a er a 
and 

Ry,v (§&; a, a) = 0 

Won [E— (PL-* FP); EJ —= — EWrawalfP- SF) 
and 


Woyy [PY1 Se (PL F(P); E] = — EWo-a LF (P); BL 


Further, if 8, denotes the Bessel differential operator 
Sa US peg 
then 
Wire (Bef (Ps 8] = — & Wayy Lf (P)s 8] — ab" Ruyy (6 a, a) 5 
(P* £(P)) | p-a + Eaf (a) Ru-s,y (&; a, a). 
The last formula can be established if we write 


m1 0 (p-9» 8 
Bp f (P) = P oer 7 Ask ap (Pr f(P))) 


and integrate by parts the integral defining the transform Wy [B, f (P); §], given by 
(2.1). Asaspecial case of (2.4) if we let » = v, then 


Wow [Bf (Ps 8) = — BM (FP 8 — 2 f(a). 


3. THE TRANSFORM Wy_a,y [5], « > 0 
Lemma 3.1—If0 <a<}y 4+ 2, then 
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1-« ae 
Ryn (EP, a) = Tey pre & | 
P 
x1-¥ (x2 — p2)*-1 Ryy (E; x, a) dx haf 3ih) 


where 


Ryyv (E, P, a) = Jn (EP) Yo (Ea) — Jv (Ea) Y, (Ep). 


This result follows immediately by making use of the standard integrals involving Besel 
functions Jy, Yy (Erdelyi et al.5, pp. 25, 104). 


Lemma 3.1—If 
(i) O<a<ctv+i2v> —} 


(ii) f x*+1/2 f(x) | dx < co 


x 








Ay FG) Ta) el pltv-= (x2 — p2yx-1 f (p) dp 3.2) 
then 
{ 2-* T Gy Sat 9, f L/2te f(x 3 
| xls F(x)dx = — mE TarD x1 /2te F(x) dx, Be & 
a 0 
Proor: Now, from (3.2) 
| x1/2-* F (x) dx = 7 | x1/2¥ dx pltv-a% (x2 — p2)*-1 fp) dp. 


By changing the order of integration, valid due to absolute convergence, we have 


fora) or oo = 
| x1 F(x)dx = = | pitv-= £(p) dp | xLi2v (x2 —p2)e-1 dx 
a Ld 





re) } 
ei ee hen Me 
= Tr (4v + 3) at f (P) p 


by evaluating the x-integral, provided 0 < « < ty+ }. Nowa + 4v-+ 4, because 
vy > — }, therefore by analytic continuation the result holds for the extended range, 


0<a<}v-+ 3, as well. 
Corollary 1— 


Ff xtl2-= F (x) dx| < «J | plat f(p) | dP < oo 
a a 
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where « denotes a constant. 


Theorem 3.1—If 
(i) O<actvtRv>3 


Gi) | x12 f(x) | dx < 00 


(iii) f(€) — Won lf (); Eh 


then 
x F(x) = WEES O32) 
where . 
x FQ) = prs | Plo e P — pers (P) dp. 


Proor : By the definition of Weber-Orr transform (1.2), we have, 


A Go 
ft (&) — if Rv—eiv (E; P, a) Pf (Pp) dp. 
a 
The integral exists and in fact absolutely convergent due to (ii). Now using the re- 
presentation of the function Ry-«,v a given in Lemma 3.1 


co 


f@= a | pity-= £ (p) dp 


a 


x1-v (x2 — p2)*-1 Ry, (E; x, a) dx. 


She ers 


Changing the order of integration, valid because of absolute convergence, and making 
use of the representation of the function F, we obtain 


A co 
B™ £ (8) = J Rue (8; x, a) xb-* F(x) dx 
, , 
= W,y,y [x-* F (x); &]. 
Due to Corollary 1 of Lemma 3.2 
oo 
| f xll2-e F(x )dx | < ©0 
a 
therefore the inversion formula (1.3) of Theorem 1.1, can be applied to give 
x" F (x) = W-) [E-* f ©); x] 


as required. 
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Note that the result is also valid where « = 0, if we assume thatin this case 
F (x) = f(x). Our ultimate aim is to find an inversion formula for the Associated 


A 
Weber-Orr transform of the type Wv-z,v [;], « > 0. That is, given the function ba 


find the unknown function /, whereas Theorem 3.1 only enables us to find F defined by 


zx 
1-a 
x-* F(x) = = x | piters (x2 — p2)*-1 £ (p) dp, .»(3.4) 


a 


To retrieve f, we need to invert the integral equation (3.4). This we shall do next, but 
first we define (Sneddon®, § 3) an operator /n,x (a, x; 2) as 


Inyo (a, x; 2) f (t) = x-2("#2) 





2 
1 (x) 


Roy 8 


x29t1 (x2 — 72)2-1 f(t) dtifa>O ...(3.5) 


and 


Inja (@, x; 2) f(t) = x7 @7*2"*1) De 
{x2ktant2etd Injupk (a, x; 2) f (t)} ...(3.6) 


{281 
ec00ma+k< 1D, = i Fee and k= 1,2, 3,2. 


Also let. Jn,o (a, xX; 2) to be the identity operator. This operator is a trivial generaliza- 
tion of the Erdelyi-Kober operator /n,. (Sneddon®, § 2). It can be readily shown that 


Te (te el me ease hy Xs 2) ...(3.7) 


Ase 
; -1 ’ 
defining the inverse operator /,,, (a, x; 2). 


Lemma 3.3—If 


F(x) = Bo wee pire (at — pet f (0) dp 


then 


Zi te wer k vat] (x2 — g2)k-a-1 F(t) dt } 
PAX) Be rey * eal (x 


wherea>0,0<k—a<1,k= 12: 
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ProoF : Using the definition (3.5) of the operator Jn,., we write 
F(x) = (3) hiee-2)0 @ 5 D/(O,2 > 0. 
Hence due to (3.6), (3.7) we have 
£@) = Tena @59|( 3-7 O | 
mm: Tajalevsdox v(x) 2) | (=e F F (1) ] 3.8) 


pro} 


= x%-v-1 D* { x2ktu-atl 11/2(v40) Fw (a, x; 2) ( {2 





Zz 
Qita 
_— — xe=v=l v-at] (>~2 — 7f2)k-e-1 F(t ar} 
rkoe) * D* 1xfe (x ) (t) 
a 
as desired, whereO < K—a< 1,k = 1,2,3,...,,anda>0. 


As a special case, if we seta = k,k = 1, 2,3, ..., and use the fact that Jy,o is the 
identity operator, from (3.8), we obtain, 


f(x) = xb-w Ds {2% x¥-k+1 F (x)} 


= xk-v-1 (4 =} (xe-Ft1 F (x)) = x*-» (+ a ert F (x)). 
Hence a useful result. 
Lemma 3.4— 
x°"E f(x) = rs =) (x*-*® F (x)) ...(3.9) 
ar 


where f and F are defined in Lemma 3.3 above. 
Corollary—F (x) = O (x#-3!2-*), x + ©0 iff f (x) = O (x-*3/2*), x + oo, 


The results of Lemmas 3.3 and 3.4 are also valid when « = 0, since then F (x) = tT (x) 
throughont, We shall, also, need the following result. 


Lemma 3.5—Let Ry,v (E; x, a) bejdefined by (2.2), then 
loud 
(+ = ): {x Ruy (E5 x, a)} = ER xk Ry ky (Gx, @) Wee 1, 2.3. 


This follows directly from the differentiation properties of the Bessel function Jp and 
Y,, [Watson4, Chap 3]. 
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Theorem 3.2—IlIf 
@) O<k<W+3,k =1,2,3,...,.¥> —}. 


(ii) fF | x¥tl/2 f(x) | dx < co 
(iii) f © =Wr-ev lf); 8 
then 


f(P) = wt [fF ©; 0]. 


Proor: According the assertion of Theorem 3.1, we immediately obtain 


xk F (x) = Wo! (E-¥ £8); x) ...(3.10) 
where 
q1-k . 
F(x) = Pag ty | ple k (at — p2) ke¥ £(p) dp. 


a 


Or, using (1.3), the definition of the operator Ww [;], (3.10) gives, 


xt FC) = | SAAS: Vata 


2 J? (a) + ¥? (a) 


Now applying the operator (=. < i x” to both sides of the last equation, we have 


Ld erro (dpe fpteeea 


El-k f (E) dé. GA) 


The left-hand side gives x*-* f (x) due to (3.9) of Lemma 3.4. Next, we bring the dif- 
ferential operator inside the integral sign and making use of Lemma (3.5), the right 


hand side of (3.11) becomes 


xv-k { At GeO Ef (€) dé. (3.12) 
2 J? (—a) + ¥% (Ea) 
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Note that bringing the differential operators inside the integral is justified because 
| Rv_k,v (E; x, a) | is bounded and the resulting integral (3.12) is uniformly convergent 
for all x > a. Hence equation (3.11), ultimately gives, the required result 


f@) = [Bene GxO _ 7 @ ab 
J? (Ea) + ¥? (Ea) 


0 v 


= WA, UF O53 


v-k’v 
the associated Weber-Orr inverse transform. The special case k = 0, gives us the 


W eber-Orr transformation of Theorem 1.1. 


4. THE TRANSFORM Wy4.,y [3], % > 0 
Lemma 4.1—If 0 < «<v-+ #, then 


qi-« ii 
Ry,y (&; x,a) = (a) Pel a | pi-v-« (p2 — x2)*-1 Rygaiv (E: P, a) dp 


(4.1) 


where 
Ry,y {é: P, a) = Jp (EP) Yy (Ea) a Jy (Ea) Yu (EP). 


Usin g the standard integrals [Erdelyi et al.5, pp. 25, 104] involving the Bessel functions 
J, and Y,, the result can be established quite easily. 


Lemma 4,2—If 


(i) «>O0,a5n+ 8 — bvn = 0,1, 2, 3... 


(i PF] x" f(x) | dx < 


z 
ae 21-« 
Gi) £0) = ry =O) | peters (x2 — 299-2 F (P) dp 
then 


2° T@ — Ww — «) 
P(g — 4) 











fore) 
| pli2ty F (P) dp. 


a 


| xli2z-0 ¢£ (x) dx = 


The method of proof is similar to the one used for Lemma 3.2, 


WEBER INTEGRAL TRANSFORMS 1135 
Corollary— 


oe) co 
IJ pli2ty F(p) dp| < Kf | xl/2-" F (x) | dx < c9, 
where K denotes a constant. 
Theorem 4.1—If 


(i) O<acvt 3 c¢Fn+8 — hy 
. aed 
(ii) J | xilts f (x) | dx < oe 


(iii) fF (E) = Wess Lf (0); E] 
then 


x* F(x) = Wot [ef (©: x] (4.2) 


where 


e 


j-% 
20 p= (vta) | xltvta (p2 — x2)%-1 F (x) dx. (4.3) 
a 


PROOF : Now 
¥ (E) = Wy ase [ f (Pp); &] 
=f Rv,ayy (EP, a) Pf (P) dp. 


By substituting the value of f (P) from (4.3) and changing the order of integration, 
justified because of absolute convergence, we have} 





pi-v-« (p2 — x2)"-1 


$= pay | at Fe ax 


a8 


Rysosy (6 P, a) dP = 5 if Ry,v (E; x, a) x1t* F(x) dx 
a 
due to Lemma 4.1 


Hence, 
4g f () = 7 Roy (5 x, a) x1** F (x) dx 


= Wy,y [x F (x); g). 
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co 
And by applying the result Theorem 1.1, since | f x1/2+8 F (x) dx | < oo, due to the 
a 
corollary of Lemma 4.2, we have, 
ony: 4s 
x* F (x)= W,,, [&* f (8); x1, 


as required. 
Alternatively, making use of the operator Jn,., we obtain, from (4.2) and (4.3) 


f (p) = i ‘ )s Trovyx (a, P; 2) [x* F (x)] 


-( 


J Fajavn (a, 85 2) GE (EF Gs A 


N| 


' 

il 
——, 

si 


& }e Hiss. Vati2 lope a Ee Feat | 
2 2 3? Ga) + ¥? (Ea) 


ef Triavye (4, Ps 2( [Rov 65 % 4) grte & Ce) dE, 
J? &a) + ¥? (Ea) 


I 
ae 
nN oO 


0 
Or, 
f(P) = f 46 f0 elt f (E) dé AAS) 
» J? (a) + Y? (€a) 
where 


R&P, a) = (5 )a Irae (a, Ps 2 ERow (EX, a] (4.5) 


Hence, we restate Theorem 4.1 as follows. 


Theorem 4.1 (a)—If the assumptions (i) to (ii) of Theos 4.1 are satisfied, then 
the unknown function f is given by eqn. (4.4). 


If we let « = Othen f (x) = F(x) and R = Ry,v, and we have the Weber-Orr trans- 
formation of Theorem 1.1. 
Next we shall consider a special case when « = k,k = 1, 2,3, ..... Then from 
(4 5), 
= p 
R (6, P, a) = (+): Tyyav,k (4, P; 2) [Ru,v (8; x, a)] 


(equation continued on p. 1137) 
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e 


1-k 
=F Te) p-(v+k) | xitv (p2 — x2)k-1 Ry y (E; x, a) dx 


a 


I 


k 
~(v+k Qm-k qvutm 
“a p ( +k) } (k—m)! em (p2 — a2)k-m Ryamyy (&; a,a) 
m=1 


= E-k Ry i,k, (&; P, a), 
by integrating by parts k-times. 


~~ 


Now substituting the above expression R in (4.4), we have 


k 
m-k 
t (P) aap eo p-(v+k) y= m)! q’tm (p2 = a2)k-m 


m=1 


r Rv m,y ; y 
| — ete Git Ogre f (& de 
o %y (6a) + Y, (a) 


+ | Abs (E; fs a) E F (8) dé. 
6 Jy (a) + Vy (&a) 


Hence the following general result, 


Corollary— 
k 
v 2™-k = + = 
f(p) = — pcr) SS EE ave (p2 — at WE, 
m=1 
A A 
BF fs a] + Were LS Gs Pl (4.6) 
whenever 


f ®) = Wyk Lf (P); &)], & = 1,2, 3, «... 


Ih particular if, kK = 1, the unknown function / is given by 
Q  \v41 ~1 P(e). =i , ; 
s@=—(F ) Wh LF Orat Wav FO Pl 


where 


i © = Wary (£0); &) 
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ON THE GENERATING FUNCTIONS AND PARTIAL 
SUMS OF THE FOURIER SERIES 
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School of Studies in Mathematics, Vikram University, Ujjain 456 010 


(Received 24 January 1989; after revision 18 May 1989, accepted 8 May 1989) 


The author has obtained some asymptotic expressions for partial sums of a 
Fourier series, The results show that certain conditions as imposed on the 
generating functions of the Fourier series in an earlier paper for a Riesz 
summability and for the convergence of the series are indeed not only suffi- 
cient but necessary as well. 


1. INTRODUCTION 
Let L denote the space of all 27-periodic functions which are Lebesgue-integr- 
able over [0, 27] and let sn (f, x) be the mth partial sum of the Fourier series of f € LZ 
at a point x. For real numbers x, s and d we write 


d(t)h=—4 (f(x +0 +f — 1) — 2s} . (1.1) 
$1 (t) = aint b (u) du =ti2) 
P(t) = ¢(t) — 41 (t) 3) 


and for a specified function F, 


lim 1t71 Fl) § | P(u) | du = d}. 


P,(F)={f € Li]éi © Land 
t>0+ 
4) 


In an attempt to improve the well-known Hardy-Littlewood criterion (see Hardy 
and Littlewood®) for the convergence of Fourier series at a point x, we‘ proved the 


following : 

Theorem A—Let $1 (t) = 0 (1) (t > O+). 
Then in order that (sn (f; x)) € (R, exp (*), 8) to s, whereO < «<1, 8 > Oand 
f € F, (log), it is sufficient that 


SE Fo (log) 


we4 have also proved the following theorem which improves an 


(1.5) 


...£1.6) 


In the same paper, 
earlier result due to Mohapatra® : 
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A 
Theorem B--Let (1.5) hold. Then in order that (sn (/; x)) € (R, exp {log #) }, 
8) tos, where f € FP, (log log), 8 > 0 and A > 0 however large, it is sufficient that 


f € Lo (log log). ped ERP 


Wang? proved that the condition (1.5) alone was not sufficient to ensure sum- 
mability of (sn (f; x)) by either method. In fact he? gave an example of an even 
function satisfying 


a. ee 6 {( toe 2 y} (ts-0H3) (1.8) 


t 


whose Fourier series at x = 0 diverges. On the other hand the condition (1.8) is not 
necessary which follows from Izuml et al.” (see also Bary}, p. 285). Now the question 
arises as to whether or not the conditions (1.6) and (1.7) are necessary whenever 
f € Pa (F) satisfies (1.5). In this note we answer this question in affirmative. In fact 
we prove a general result from which we deduce that if, forf € Pa (log), 


lim P(t)log(1/t)=d+0 
t70+ 


then sn (f; x) ~ — d log log n (n > oe), that is the Fourier series of f at x diverges to 
cc ford <0 and hence it cannot be summable by any regular summability method. 
Consequently the condition 


P (t) = 0 (Iflog (1/t)) (t + 0+) 


and hence (1.6) is necessary whenever f € HP, (log) satisfies (1.5). Similarly, it 
follows that (1.7) is necessary for f€ &, (log log) satisfying (1.5). 


We now state the results which we intend to prove. 
Theorem 1\—Suppose F is a positive and increasing function defined on (0, co) 
and is such that 


on oad a (t F (t))-1 dt > ©, asn > ©, (1.9) 


Then in order that, for f € Pa (F) 
Sn (f; x) = 0 (un) (n > 00) .-.(1.10) 
it is necessary and sufficient that 
SE Fol(M. «-£1.11) 
To prove the necessity part of Theorem 1, we first prove. 
Theorem 2—Let F and «n be the same as defined in Theorem | and let 


ect: P(t) F(/t)=d40. paCletay 
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Then 
sn (f;x) ~ — din el) 
We shall write 
P - s 
m=1 


and shall also make use of the following : 


n 





Ss vain =3(7 — 1) +0 (nt) (0 <1 < 22) ...(1.14) 
m=1 

oo . 

3 — =4(7—1) (0 <1 < 2z), (1.15) 
m=) 


The result (1.15) is well-known (e.g. see Bromwich2, p. 356) and (1.14) may be obtain- 


r 


ed from it. 


2. PROOF OF THEOREM 1 
The necessity part of the theorem follows from Theorem 2 so we prove only the 


sufficiency part. 


Proceeding as in Chandra, we get 


sn(fi;x)—s— +|a@a= =| P(t) Kn (at 
0 0 
= 2 J, say. 


Let « > 0 be given. Then there exists 5 = 6 (e) > 0 such that 


j |P(u)|du<et/F(\/t)forO0 <t1qs< 1. ee) 
0 


Then for n > 8-1, we write 


1,7” & T 
Pett | el = J; + Je + Jo, say. 
0 1/n é 


We now observe that for all t € (0, 7) 
| Kn(t)| <3n + 1 
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therefore, by (2.1), 
1jn 
ii) <Gnt 1 fl|P@)|du< 4¢F(n). 
0 
Also for all n and uniformly in ¢ € (0, 7) 


Kn (t) = O (t-1). 
Thus by using (2.3) and the fact that 5 > O is fixed, we get 


J3 = O(1) J t71| P(t) | dt = O()). 
& 
Once again, by using (2.3), we get 
§ 
Jo = O(1)§ t-1 | P(t) | dt. 
1/n 
Integrating by parts and using (2.1), we get 
§ § 
§ t-1| P(t) | dt < 2/F (1/8) + ef (¢F (l/t))? de 
1j/n 1/n 


= ¢ [2/F (1/8) + ey] 
by (1.9). 
Thus collecting the results and letting n — oo, we get 


s 


Sn (f3 x) =s + a oi (t) dt +- 0 (an) = o (an) 
0 


7 


since 4; (tf) € LZ and hence the integral (1/7) | ¢1 (t) dt is finite. 
0 


This completes the proof of Theorem 1. 


3. PROOF OF THEOREM 2 
As in Theorem 1, 


ww 


n(in=sttlawgat 2s 
0 


where 


ww 


7 i= FPor(f)-4 2 ay 2a 


3 F (1/t) : 


rae ERS 


AGS) 


...(2.4) 


ie 


2) 


Kn (t) 
F (ijt) dix, if4.2) 
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Now, since P(t) F (1/t) — d = 0 (1) as t > O+4, therefore proceeding as in 
Theorem 1, we may obtain that 


T 








2 n 
{P (t) F(1/t) — d} ray dt = 0 («n) (n > 0), a:(333) 
0 
We have 

ateRe i 2d fond cin (nih) # 
>) FUI) dtm 7 bam 2sin 4 ¢ ES 

2d . | < sin mt 

* | FuDl > mt) at 


The first integral on the right and the integral 


1/7” n 
2d 1 sin mt 
ee | mun ( a) =i 
0 m=1 


are bounded for all n > | and also by (1.14) 





Wn n 
2d 1 sin mt 
% = | eam (> mt ) ar 
1/n m=] 
2d Hh 


i 


7 
lin 


rene | (F (1[)-1 G (z — D} et 


+ Ol) f (2 F(1fe)y7 at 
1/n 


q 


ae (2dn) j (F (1]t))"1 dt + O (1) 


— don + O ()). 


Therefore, collecting the above results, we get 


i 


2d ae Qi 99 Gian oe (3.4) 
aa esa le ed euirterO (1) 
0 
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Combining (3.1) through (3.4), we get 
mn (fix) = 8 + (In) fbr (dt ~ d an + O(N) 


= — dan + o (an) 
as ll —> ©°, 
This completes the proof of Theorem 2. 
Remark : We remark that if for some f € L 
lim P(t) F (I]t) i & Pe) 
t> 0+ 
oscillates between some finite real numbers then Theorem 2 is not applicable. In fact 


it may happen that Fourier series of such anf € L may converge. For example, let f 
be an even function and x = 0, s = 0. Then ¢ (t) = f(t). Suppose, for k > ze?2, 





sin (log log 5 cos (log log =) 
log log 7 log —— log log —— 


a(t) — B(t), say. 


Then it is easy to verify that 


t 


| 


k k 
0 log — (log log a e 


sin (log log fi 
P (t) = ~ 





“| — 


du — 8(t). 


Hence for F (1/t) = log (k/t) log log (k/t) 


P (t) F(i/t) = — cos (log log +) 


sin (log log a , 
+ 61 F(1/t) aT eRe ay du. 
0 log eet (log log 2 


Thus limit in (3.5) oscillates between | and —1 but, as it follows from Chandra, the 
Fourier series of this f converges to zero. 
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UNSTEADY MOTION OF A SEMI-INFINITE CONDUCTING LIQUID 
BY A SUDDENLY APPLIED VELOCITY ON ITS SURFACE 


D. C. SANYAL AND S. K. SAMANTA 


Department of Mathematics, University of Kalyani, Kalyani, Nadia, West Bengal 


(Received 5 December 1988; accepted 17 May 1989) 


The motion set up in a semi-infinite incompressible viscous conducting 
liquid by a suddenly applied velocity over a circular area on the free surface 
of the liquid in presence of magnetic fields acting radially and axially has 
been obtained. Exact solutions are obtained for both the cases and are pre- 
sented in the forms of infinite series and infinite integrals. 


1. INTRODUCTION 


Edward! investigated the duct flow of a conducting fluid under circular and 
radial magnetic fields. Globe? solved the problem fora complete annulus under a 
radial field. Such a field can be produced in a liquid by a line source. Goble2 and 
Elco et al.? pointed out how such a field can be generated in practice. Sengupta and 
Mahapatra* considered the problem of a semi-infinite medium of conducting liquid 
set in motion by an impulsive velocity on its surface. 


In the present paper it is proposed to consider the unsteady rotational motion 
set up in a semi-infinite medium of viscous incompressible conducting liquid by a sud- 
denly applied velocity within a circular area of the free surface in presence of a radial 
and axial magnetic fields. In fact, the liquid is contained in the annular region bet- 
ween two circular co-axial cylinders, the inner cylinder having an infinitesimal small 
circular section and the outer cylinder having a very large circular cross-section. The 
axis of Z is taken along the common axis of the cylinders and it points into the 
medium. Solutions are obtained in the forms of infinite series and infinite integrals. 
Numerical results for the velocity are shown in graphical forms. 


2. Basic Equations AND BounpDARY CONDITIONS 
Problem 1: The Medium is under a Radial magnetic Field 


Let (r, 6, z) be the cylindrical coordinates of a point in the liquid having the 
origin on its surface. Let us suppose that the medium is under the action of a radial 
magnetic field Ho/r. If (u, », w) be the velocity components in (r, @, z) directions, then 
for rotationally symmetric motion of the liquid u = w == 0 andy = v(r,z,t). The 
linearized equation of motion, in this case, is 
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a2 y 1 dp 02 y n2 1 Ov 
where 
eH, Hy 
c= oe n=] 4 - 


» is the coefficient of viscosity, P the density, o the conductivity, pe the mag netic per- 
meability and Hp is constant. 


Problem 2: The Medium is under an Axial Magnetic Field 


Here we suppose that the liquid is acted on by an axial magnetic field Ho instead 
of a radial one. In this case the linearised equation of motion is 


e2y 1 dv 02 y l | = ov 
Avie ae, a. eae 2 —_ = — PAGE 
ar2 * mae ad 0 2? (4 % r2 )y cz 6t 4 
where 
2 2 
oy, Hy 

q? = ——____. 

pe 


Boundary conditions—We suppose that the rotational motion of the conducting 
liquid is set up by prescribing suddenly applied velocity within a circular area of the 
free surface. Thus the boundary conditions for both the problems are 


vy = 0 as z > co 


v=f(r) H(t) whenz = 0 vores) 
where 
f(r) =erwhenr < a 


= 0whenr>a ...(2.4) 


and H (t)is the Heavislde unit function. 


3. SOLUTIONS OF THE PROBLEM 


Problem 1—Let us suppose that a solution of the differential equation (2.1) can 
be taken in the form 


6 (E, 2,0) = fv (r, 24) In (r8) dr. 
0 
Then the use of this transform to eqn. (2.1) gives 


(sa _ ee ee G1) 
re 
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provided that rv > 0 asr — 0 and o. 


Also if we assume that a bar over a function denote its Laplace transform with 
p as parameter then the equation (3.1) leads to 


(2-8 - %)F G20) =0 ---(3.2) 


provided ¢ = 0 atr = 0. 


Solution of the equation (3.2) finite for r > co is 
$(E, z,p) = A (E, p) exp(— ~~ /c# &% + p ) : AM) 


Now, we express the function f(r) given in (2.4) as a Fourier-Besse!l integral in 
the form 


fi) = ‘i E Jn (ré) [ r yf (9) In (x6) dy] dé 


and replacing / ()) by its actual form given in (2.4) and then converting the result to 
a series we obtain 


oat S (= 1)” (Eaj2)m*2m44 
f(r) = 2eq2 | Jn (r&) “ml (n + 2m 43) Tn + a a 1) 4 r....(3.4) 
0 m=0 


Hence, with the aid of (3.3) and (3.4) and the boundary conditon (2.3) we get 


— — |)" n+2m+1 
A (Ep) = —e -S =, Seed ALE, ———, (3.5) 
m=0 





(1 + 2m + 3). (n + 2m + 1)° 


Substituting this value of A in (3.3) and using Laplace inversion theorem we get the 
expression for ¢ (&, z, t) which leads to 


i <) 
v (r Z t) m= ¢ a2 yh . os (—1)™ qn+2m+1 arian oe 
» 2, Qnt2m+1 m! (n + 2m+ 3) T'(n ut Fas 1) 


m=0 


oo 
n+2m+1 Fs Zz we 
ia E erfe (52 c& v1) 


+ e* erfe (5 errr + a vt )] Jn (Er) dé. ...(3.6) 


Problem 2— Here we assume a solution of the differential equation (2.2) in the 





form 


ves J h(E, 2, t) Jy (Er) dé wet) 
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where J satisfies the differential equation 

oe te i. 1 6” 

eae om {¢ oy Se aa irr ...(3.8) 
Applying Laplace transform to eqn. (3.8) subject to V = 0 at t = Oand the boundary 


condition (2.3) we get after necessary calculations 


€ a2 


v (Ez, p) = 





Je (Ea) exp (- Vc x2 + p } (3.9) 


where 47 = g? + &. Laplace inversion of (3.9), with the help of (3.7) gives 


co 
— m2 pe eo 
v(r, 1) = peal fe erfe ( devi cn ft ) 
0 


Zz 


2c Vt 





+ ¢€ eric ( —+cy vt) | J2 (Ea) Jy (Er) dé. 


wos( 5c) 


4. NUMERICAL RESULTS 


It is clear from (3.6) and (3.10) that in either case, the initial response of the 
velocity is infinitely small and it increases with time giving a steady response after an 
infinite interval of time. Taking mercury as the relevant conducting fluid, the nature 
of the velocity has been shown in Fig. 1 (for problem 1) and in Fig. 2 (for problem 
2). For numerical calculations we have chosen a = 1,z = 1, r = 0.5, c = 0.33215 
andn = 1, 2,3 n= 1 gives the nature for non-MHD case while n = 2,3 show the 
distribution for MHD case. It is seen that the magnetic field decreases the velocity 
for both the problems. 


echipemecmncetet 19 fides 
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It may be noted in this connection that the integrals involved in (3.6) and (3.10) 


seem to be difficult to evaluate analytically and therefore they are obtained numeri- 
cally by Filon’s method§. 


UA bm Wh = 
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ON HYDROMAGNETIC TURBULENT SHEAR FLOW 
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Hydromagnetic turbulent shear flow of viscous incompressible, electrically 
conducting finid between two infinite porous horizontal planes in presence of 
a uniform transverse magnetic field has been studied by the semi-empirical 
method. The expressions for the mean distributions for velocity and 
magnetic field have been obtained when the surfaces of the channel are non- 
conducting and conducting. Numerical results are shown graphically, 


1. INTRODUCTION 


It is known that a turbulent state eventually results from the instability of 
laminar flow in a celestial body like the sun, earth etc., and there are many ways Of 
producing turbulence, for example by thermal instability or by a flow of air through 
a wind tunnel!. Turbulent shear flow of an incompressible viscous fluid between two 
parallel planes and through a circular pipe has been studied by Pai?’? by the semi- 
empirical approach suggested by Kampe de Ferriet*. These theoretical results agree 
with the experimental results of Laufer and Nikurdse®. Jain’s’ solutions for hydro- 
magnetic turbulent shear flow between two parallel non-permeable planes are also 
in close conformity with the experimental results of Murgatroyd’. Mehta and 
Balasubramanyam? also solved a similar type of problem. 


In the present paper, it is proposed to study the hydromagnetic turbulent shear 
flow of an incompressible viscous electrically conducting fluid between two horizontal 
parallel permeable planes in presence of a uniform transverse magnetic field by the 
semi-empirical method of Kampe de Ferriet+. Two cases are considered : (i) the 
surfaces of the channel are non-conducting and (ii) the surfaces are conducting of the 
same conductivity. Due to non-availability of the relevant experimental data, 
assumptions are made regarding the numerical values of the constants. The expressions 
for the velocity and the magnetic field are obtained and their natures are shown in 


graphical forms for both the cases. 


9. GOVERNING EQUATIONS 


We consider the fully developed steady state hydromagnetic turbulent shear flow 
of an incompressible viscous electrically conducting fluid between two uniformly 
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porous parallel planes at a distance 2/ apart. Let the x-axis be in the direction of 
the flow parallel to the planes, the y-axis normal to the planes and the z-axis trans- 
verse to both x and y. Let the middle plane be y = 0 and the hydromagnetic flow 


variables are functions of y only. The planes of the channel are now y = + L£. 


Neglecting displacement currents, the hydromagnetic equations in ¢.m. units 








are? 
. ah" 
Vo gabe ep, o2 v4 oht l j 
a oxj p axe pot Oxy Oxj j axj 2 Oxe -oe(2.1) 
ohs «OM e2 he 
Viggen apa VERS, Bay ce 2ens 
ove 
Teen re ...(2.3) 
Ohi 
6 ee ...(2.4) 


where (i,j a Ly fa 3), (x1, x2, x3) = (x, ys z) ’ hi = Hi// 4p, Hi are the magnetic 
field intensity components, vs velocity components, p pressure, P density, v kinetic 
viscosity, va (= 1/4 7c) magnetic diffusivity and o is the electrical conductivity. 


Let the flow be composed of a mean motion with superimposed random fluctua- 
tions and eqns. (2.1) to (2.4) are satisfied by the instantaneous flow variables, which 
may be expressed as 


fefr+f ...(2.5) 


where f and f’ denote the mean and flutuating parts of the flow variable respectively. 
Substituting (2.5) into equs. (2.1) to (2.4) we get9 











- = te Oh _ = «il & guig 2m = abs 
xj Oxj P oxe Ox5°OX4 Oxj 
a) 2 
A Ch, oh, 
2 \aw 7 ox “hie 
Ohi 7 OD a2 h ra) 
Wir Neaes ae an dh <.ake aee Se 
Ox; ’ Ox} ied Oxy Ox} Oxi (2.7) 
ou =, 
ox .-.(2.8) 
oh 





ax ° (2.9) 
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where 


Bi 0, ee vhs > | 
...(2.10) 
| 


ieee = PAV, Soe <hjh,> 


and < > denote average value. 


Let us take u% = {dz (y), dy (y), O}, ht == {he (y), hy (y), 0}, the components of 
aij and 61; are functions of » only and assume that there is a uniform transverse 
magnetic field 4) perpendicular to the main flow direction. Then equations (2.8) and 
(2.9) give 


dy = constant = vo, hy = constant = ho. wa(2.31) 


Introducing the non-dimensional quantities 








tee ae _ fa 
E= ene idee u* ape sé u* 
aty bis haiee * gy teal #99 
Atj = ae Bu = aT R* - eee Ri, = = mee (233) 
R= Evo , cross-flow Reynold number 
v 





Ru = aes Magnetic Reynold number 
ie 


c= to = FOR ra x(a tap tn?) > 


vH putz ’ us2 





where u* = /7/P is the reference velocity, + is the shearing stress on the plane 
y = L (i.e. on» = 1) and fo is the reference pressure which is taken as the mean 
pressure at § = 0, » = 1, the hydromagnetic equations (2.6) and (2.7) reduce to 











d2Vv dV Rum dH ( ow dBry ) 

Fou eels. tee Re |e be (2.15 
dn R dn "y € dy o& a dy ( ) 
B00 We a Bal 1 (H2 + x) ] = 0 ...(2.14) 
an dy a eee 

By 9 Be _ (2.15) 
dy > dy 
d2H dH dv « dAzy _ 2.16 
i on ot Ru —— + R* — = 0. ...(2.16) 
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3. SOLUTIONS FOR THE PROBLEM 
Case I: The Surfaces are Non-conducting 


Here the boundary conditions for the problem are 


Viwa Hine Diaiathexi ped 1 463) 
Ay = Bg = 0 at X= +1 oar 
ia (Sag) oe Oo cat LE 0 aca (3.3) 


Equations (2.14) and (2.15) when integrated subject to the boundary conditions (3.2) 
and (3.3) lead to 


Ayz = Byz — 0 
w (6) + Byy + 3 (42 + X) = AoE .. (3.4) 
é Z : ; 
where Ag = 7 is the axial pressure gradient assumed to be given for the flow. 


From these results we made the same conclusions as in Mehta and Balasubramanyam?. 


In the absence of turbulence Atj = 413 = O and the solutions of the equations 
(2.13) and (2.16) satisfying the boundary conditions (3.1) and (3.13) are given by 


Vi = Ve [eRap + (eR — «) ay e*" + (ER — 8) ae c®" 4+ ag — eR») 


a5) 
and 
Hi = Ve Ra [ap + ay e®" + ap eB") ---(3.6) 
where 
*PB=2(R(l+o04+ /{ R21 —e)24+ 4M?}] 
arte P coth = — ) 
ay P| — _8 cosech « 
a—B 
ee cosech 8 
a—B 
ae “B (coth B — coth «) 
2— 6p sas( dee) 


Ve = Ao R*/«B is the characteristic velocity and M = aho/./wz is the Hartmann 
number, 


In the presence of turbulence, Aij, Bij + 0 and we may get the solution for the 
mean velocity distribution V; for the turbulent shear flow compatiable with the corres- 
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ponding laminar flow with the same characteristic velocity Vc, by assuming V; of the 
form 


Vi = Ve [eRay + (eR — a) ay e®" + (eR — 8B) ay 8" 4+ az — eRy, 
+ Ai (qn + 1)? + Ao (y + 1)™), m > 2 ...(3.8) 
satisfying the boundary condition ¥; = 0 at y» = — 1. 
Introducing the empirical parameter 


(4 
Tt dy Nal. 


= ni (my a am 
"dy ie 


and using the boundary condition V+ = 0 at » = 1 we get 


er ee, CPB + che 
+ «a8 (a coth « — Bcoth 6) | 
— | 
Ae = eG SES | OH PBR) + eas 


+ af (a coth « — # coth B) } ...(310) 
For turbulent flow s > 1 and for laminar flows = 1. The parameters s and m are to 
be determined experimentally, 
Similarly, we assume the magnetic field for the turbulent flow in the form 


Ht = Ve Ru [ao + ay e*" + ag e®" — yn + Az (yn + 1)? 


+ Aa(n + 1)"], m>2 SAKE) 
which satisfies the boundary condition at» = — 1. Introducing the emperical para- 
meter 

ea) 
Fe eal (3.12) 


( dHi ) 
dn n=1 
and using the boundary condition at 1 = |, we get 


ye = 1) (az — « + B) 
sm ~~ 2(m — 2) (a — B) 


ERE AY NC Mates ...(3.13) 
4 = m-T(m — 2)(« — 8) 
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For turbulent flow / > 1 and for laminar flow ] = 1. The parameters / and m are 
to be determined experimentally. 

Case II : The Surfaces are Conducting 


We assume that the surfaces 1» = + | of the channel are at rest and they are 
conducting. Then the boundary conditions for the problem are 


V=0 at n= +1 


dH 
Fe eT ome at y= 4H+1 


Atty = Bis = 0 at n= +1 
o (& 7) = 0 at €=0,y7=1 ...(3.14) 


where ¢ is the conductance ratio. 


Proceeding exactly along the same lines as in case I, we find that the solutions 
for the velocity and the magnetic field for laminar flow are 


Vi = Ve [eRbo + (eR — «) by e** + (eR — B) bo €8" + bg + 1 — €Ry] 
es #. be} 
Ht = Ve Ro [bo + by e*" + be e8" — a] Be eT! 
and for turbulent flow 
Ve = Ve [eRbo + (eR — a) by e&" + (eR — B) bo cf 
+ b3 + 1 — €Ryn + By (yn + 1)2 + Bo(n + 1)” ah 5 
Ht = Ve Ro [bo + bi e*" bo e® — » + Bg (n+ 1)2 + Ba(n + 1) 
where m > 2 and | ec 
Roan = oy | (cR — «) by a e® + (eR — B) bo 8B e® — eR | 


ee | : 
By = 2-2, — 2) [ (eR — «) by a e® + (eR — 8) bo B e® — eR | 


ys (q — 1)(¢n+2 
Ba ae ee ) abi e+ Boe —1 | 





—- I—1(én+1 
By = worry Lebe + poet 1] 
.-.(3.19) 


bo = ($ + 1) — (a + 1) bre — (8 + doe? 
1 
by = [ @ + 1) (€R — 8) sinh B — eR (48 cosh 8 + sinh 8) ] 
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l 
b = — at (@ + 1) (eR — «) sinh « — eR (da cosh x + sinh 2) | 
bs = — eRby — (eR — 2) by e& — («R — 8) bo e®FW- — 14 eR 
A = («R — B) sinh B ($a cosh « + sinh «) 
— (e«R — «) sinh « (¢8 cosh 8 + sinh 8) 


and 
( dt ) ( dH; 
Sele eye rie 
t cl (=) a (=) a, (Ada ...(3.20) 
ia dy sl 


aie the empirical parameters. For turbulent flow t,q > 1 and for laminar flow 
ttg= 1. 


3. NUMERICAL RESULTS 


As the experimental results are not available, we assume for numerical 
discussions 


R=2 |, M=r , Ru=15 , «=05 #, A=1, 


Aeon 5 eda05 Some ne 3s = te ., Pg = 4. 
The behaviour of the velocity distribution has been shown in Figure | while that of the 
magnetic field has b2en exhibited in Figure 2. Continuous curves represent the nature 


of the entities for turbulent flow while the results for laminar flows are given by the 
dashed curves. 





Fic. 1. 


e reduces the velocity for non-conducting walls, 


: the turbulenc ; 
Figure 1 shows that the he walls are conducting. On the other hand, 


but it increases the velocity when t 
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Figure 2 shows that the turbulence always increases the magnetic field whether the 
walls are conducting or non-conducting. 


: 


AWRYN 


on 
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For a swirling flow (0, V(r), W (r)) of an inviscid, compressible fluid we 
obtain an instability region for subsonic axisymmetric disturbances which 
depend on the minimum Richardson number Jo, wave number k and the 
distance between the cylinders. This region reduces to the line cj = 0 as 
Jo ~ 1/4 — for monotonic axial velocity profile in accord with the Richard- 
son number ciiterion. An instability region depending on Jo is also obtained 
for a class of supersonic axisymmetric disturbances. 


1. INTRODUCTION 


Many of the results on the linear stability of variable density, inviscid shear flows 

in the presence of gravity, due to Miles’, Howard?, and Chimonas! have been shown 
to possess parallels in stability analyses of axisymmetric disturbances in an inviscid 

swirling flow between two infinite concentric cylinders in the works of Howard and 

Gupta, Howard®, and Lalas’. Howard and Gupta‘ examined stability of a swirling, 
incompressible, constant density, inviscid flow (0, V (r), W (r)) for which the pressure, 

axial velocity and azimuthal velocity are functions of radius r only and showed that a 
sufficient condition for stability is that the minimum Richardson number Jo is greater 

than or equal to one quarter. Moreover, they showed that the complex wave velocity 

c for an unstable mode must lie inside a semicircle in the upper half-plane whose dia- 
meter coincides with the range of the axial velocity. Howard? investigated the stability 
of compressible swirling flows to axisymmetric disturbances and showed that a suffi- 

cient condition for stability is that Jo = } and an instability region is given by the 
semicircle in the upper half-plane with the range of the axial velocity as its diameter. 

However, this instability region given by Howard’s semicircle does not depend on the 
stratification or compressible parameters. In particular, even when Jo = 4 one still 
gets a semicircle as the instability region where as the flow is known to be stable in 


that case. 

ility region for subsonic axisymmetric distur- 
but also on the wave number and the 
oward’s semicircle and reduces 
accord with the Richardson 
by the semicircle 


In this paper we obtain an instab 
bances. which depend not only on stratification 
distance between the cylinders. This region lies inside H 
to theline cp = 0 when W'min #0 and Jo >i — in 
number criterion. Further we reduce the instability region given 
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theorem for a class of supersonic axisymmetric disturbances. Similar results have been 
obtained by Jain and Kochar® for incompressible parallel shear flows and by Subbiah 
and Jain® for compressible parallel shear flows. 


The stability of compressible swirling flows to all (not necessarily axisymmetric) 
disturbances has been studied by Lalas® and he has proved the Richardson number 


criterion for stability. 


2. Basic EQUATIONS AND BOUNDARY CONDITIONS 


ae 


Consider the isentropic flows of an inviscid compressible fluid confined in the an- 
nular region Ri Sr S Re. Then the basic equations are 


“hialter 2 
p r +U.yU |=—yp My 
a ma > 
3, + 'U. we + py.U=0 --.(2) 
Ds 
ae =: 0, p= p(P Ss). ...(3,4) 


. Here P is the density, p the pressure, s the specific entropy, U the velocity. The oper- 


ator Dr 8 defined as usual by 
D Fi) * 
Di = Ot = is . V- --.(5) 


Equation (4) is the equation of state for the fluid, and in conjunction with (3) gives 


op a4 me 

a + U. VP + Pag (y.U)= 0 ...(6) 
where 

: op )e ‘ see(7) 


sain of equations is now comprised of (1), (2) and (6) along with the definition 
re) : 


If we fix the (r, 0, Z) coordinate system with r-axis along the radial direction and 
z-axis along the axial direction, then the flow variables given by 


> 


U = (0, V (r), W (r)), P = Po (r), P20 (r) «--(8) 
satisfy the governing equations (1) (2) and (6) provided 
4P0 Poe 


- : ...(9) 
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where Po (r), V (r) and W (r) are arbitrary, 


twice continuously differentiable functions 
of r. 


We are interested in examining the stability of the basic state (8), (9) to infinitesi- 
mal disturbances of the form 
(function of r). exp (ikz + imo — ikct) ...(10) 


where the wave numbers k, m are real and c = cr + ict is the complex wave velocity. 


Linearization of the basic equations (1), (2) and (6) about a basic flow given by 
(8), (9) yields the following set of linearised equations for the perturbation quantities 
P, P, u,v, and w: 


st cll NY 


RS 8 Rae ac era = —p’ ...(11) 
i Py Qv + Po |v" + —| = = ae ah k2) 
i Pp Qw + Pou W' = — ikp lia} 
iP O+4+uPi + Pp +i + + kw |= 0 ...(14) 
ip + up) — a, | ip +uP, | =0 ...(15) 
where Q = me kW — ke and a prime denotes differentiation with respect tor. 


Eliminating p, P, v and w in favour of u from (11) — (15) we obtain 


df poOSfT du. iu _ (a(v++) 
a) ia easier j 

















ray 
+[ 2Vm y2 if PoOS fT du , u 
aan > al dr r 
ra ra, 
m V ) Nude ie +) |} 
a Re eet) 
u ( Pat - r Q ra, 
N2  ® 
— po dul 1 -— - ar | ° ...(16) 
where 72 nee S02 
Mj , ati) 
m2 -+- r2 k2 a? 


. ...(17), (18) 
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y2 Po y2 ] 
Wea oo Trek , 

a hd ra, (19) 
ere 2 ee ...(20) 


r 
N is the effective Brunt-Vaisala frequency which is assumed to be positive for static 
stability: ® is the Rayleigh discriminant. 





Define 
@ = exp| ir a] 
bot, ...(21) 
and 
u 
ie os oO" saeed 


With these definitions, eqn. (16) becomes 


d [ Po OS§, (rF) —— 2mV \ 2 2VmS 
dr [ A {2 r a r2 F QO + Po r2 A 














fe () - TF | oF — po Q2[a?—® — ny F=0 


-..(23) 
with the associated boundary conditions 
F (Ri) = 0 = F (Ro). ...(24) 


Suppose now that the flow is unstable, so that c has a positive imaginary part and de- 
fine a new variable 


G = Qll2 F. ...(25) 
Then equation (23) becomes 


2 2 2 . 2 
Peer - 2 Po 2S , O poQ?s 














r 4QAa 2 A 
[: 2 =m =f { Se,28 SPo Spo 9? [a+ 4m ny lh Z 
4 “eS Bae 2a eR 
k a ar 3 or |@ =O ...(26) 


and the associated boundary conditions are 


G (Ri) = 0 = G (Rp). Biers 


COMPRESSIBLE SWIRLING FLOWS 1163 


3. INSTABILITY REGIONS 


For an unstable mode, the imaginary part of the equation, obtained by multiply- 
ing (26) by rG* (G* is the complex conjugate of G) and integrating it using (27), gives 


Po O* =( ares) ees ya ee 
Vewelbee epee (eeeeeee 
* 





x [G* (rG)’ + G (rG*)’] 


2 2 ' 
2 2 2 ts 
ay a, 
+ J Po Or | G|2+4 pow © [ (ve + 0) — s/ Q" 
" ;}Q]2 2 


+ i ) ]igla=o ...(28) 


where Q, is the real part of Q. 
At this stage, we deviate from the analysis of Lalas® and rewrite eqn. (28) as 











Sa? : 
2 Ss neat beats: 
[icy ocho hea RCo ae 
ia a? a 
Q' | 2mV \, 7 
(4+ rial 
% © s S?.( 9’ | mV), : 
16 — {> leroy 12+ (5 +r Priel } 
ae . a, 
— 2S (+ SE) 6" (ray +6 (Gy + J por? |G | 2 
2 
oa 
Po OF r | Lear Lae 2 | G [tO 
Rep 2 ta) |ietenss 


Since G (rG*)' + (G (rG*)’ S2|G| | (rG)’ | , we have 


(1+ 





a aN pr ( re jeer |G! | (rG)' | 


a 


a ( la ) 0, —— r[G* (rG)' + G (rG*)] = 0. ...(30) 
r 2 
a, 
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cor (EME e104] 
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Therefore 
2 
po SU (14 ne 
|A|2r 2 
a, a”. * 
20, S r ( a i sid ) te (rG)' + G (rG*)’] 
a, 
sa SQ? ; 
yg 3h ho (2 fe fee jue (rG)’ | — (A+ : jua( = jue | Qo 
| A|?r; 2 2 2 
a, a, a, 
S Q° 
S 2’ V 
+ 2 evar Jer a(n 4 2 )(S ual oy 207 
ae ian 
righ ieray | =tSr ( S42 ) 6" way 
a, 
+ G (rG*)'] = 0 by (30) 
Therefore, for an unstable mode, (29) implies that 
2 , 
[ me °. ef (rG)’ | 2 + : (> a )p rice} | 
+ a, 
+fPoarrigi2 +{ or. 
[ we + @) — s(¢ 4 =} ]igieso. 
..B1) 
This is impossible if (N2 + ©) > s[ > joy Fp 
2 id 2 
ES (ae) 


that is if 
(N2 +0) > (> . 


every where in [Ri, Ro] 
This proves the following theorem of Lalas® 
Theorem 1—A sufficient condition for stability is that 
2mV_ i 1s 
: m 
(N2 + 0) = ( ays + 2 =) ( a ua: + 2 ) throughout [Ri, Re] 


COMPRESSIBLE SWIRLING FLOWS 1165 


In an effort to obtain a criterion that does 
numbers, we note that 


QQ’ 2mV m2 
2 +a | ( # +s t[wato + © \p 


not depend explicitly onthe wave 








tae) 
and so if - 


] 3V 
2 pelle ’ ie 
NF ++ D ; |W + (V =}? lex .-.(34) 
the flow would be stable. 


Rearranging (34) we obtain 


moat s (7 PY 


for stability. 


0 


IV 


Defining the local Richardson number asJ = N2 || We24+ (v’ —_ - )e } then 


Theorem | means that there is no instability region if Jo > 4, where Jo = min J (r). 
fc 


The above result is the Richardson number criterion for compressible swirling 
flows to all small disturbances obtained by Lalas®. 


If we put m = 0 in the above result, then the resultant is the Richardson crite- 
rion for swirling flows, for axisymmetric disturbances only, obtained by Howard. 


The disturbances are classified as subsonic, sonic or supersonic if 
pa 
EEA ge ei 


Theorem 2—The complex wave velocity c for any unstable supersonic axisym- 


metric disturbance satisfying c* > a. must be inside the semiellipse region, in 
max 


the upper half plane given by 





a+b jp ince E + ——3¢ 31, | 
(@- 5 REO) eta | 
4ai, 


min 


< (-5+} -..(35) 


wherea S W(r) S85. 


Proor : For axisymmetric disturbances (i. e. for which m = 0) the linear stability 
equation (23) reduces to 
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Po O2 a (W — c)2 


| (W—c)? — af aes 


+ Po O? [k2 (W— c)®?— © — N2])F=0 ...(36) 
with the boundary conditions 
F (Ri) = 0 = F (Ro). 


Mulitiplying (36) by rF* and integrating it using the boundary conditions and 
following the standard procedure (Howard2), we get 


| (er - oe + —( “54s ] fo @ ae + § 0 Or 


PoQ?1W—c|4rlae | (rF)'J2 
(+ NA) 1 F Le + [— 








1a, —W — co)? |2 











<S 0.. (37) 


where 


pl ay | (rF)’ | 2 
U(r) = oo? | ———___+ kt F/2] as wes. 
lay -W—c)?|2 


F or supersonic axisymmetric, unstable modes satisfying c | ae 
from (31) se 


> 1, we have 


=1{ Gy 2 
J Poo? | wear t+ Hricit}sa—44) 


ae. 
Po O2 W'2| GI] 2 
x | v4 Le eee - ...(38) 
Let 
E*=fk|W—c|U(r) dr 
and 





pi m | —Po Cher W' [tPF 
4|w—e| |1—- Woe |,” 
2 


a, 


Now substitute G = 01/2 Fin (38) and use Schwarz’s inequality to get 
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(E— BP? S(1 45) [ 1 ss eal Re. 


2 
4a, 
mip 


This gives 
5 (b — a)? 


E2s [1+ (1+ 
4a’, 


) Jl —4Jo } B2, 
min ...(40) 
Since, for an unstable supersonic axisymmetric mode with 





2 
cj Pte 
a, a”. 
we have 
4 Jo cf B2 
Jf Po O2 r(® + N2)| F| 22 k 
> 4Joct E2 
pT te ee ae Se hy oe AN: Oe eee 
[1 ts (: % 20) yi ah 
4a‘ 
min 


4 Jo ct [ U(r) dr 
[1 + (1+ 56-8) yi=aIy b. 


2 
4a’, 
min 





(41) 
Using this estimate (41) in (37) we get (36). This proves the theorem. 


Theorem 3—The complex wave velocity c for any unstable subsonic axisymmetric 
mode must lie inside the semiellipse type region, in the upper half plane given by 


(cr — ar? pte 


2 
5 (b — a)? 
(a2 + k2) a c ft - S0— 2") 





2 
‘ 
Jo Pikes 


4ae 
mip 
wi a (&— Jolt + 2V% — Jo? 
max 


( b = ' (42) 
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where 
2 
Po min a, m2 
A2 = pea i 2 Ree ee 
2 
Pomax 4, (yo—y1)? 
max 


Proor : Since, for subsonic axisymmetric unstable modes, 


2 
(W an Cr)? + Ci 





Sok 
2 
a, 


we have 


2 
c 





= a1 in [Ri, Ro). 


a, 


Therefore, for an unstable subsonic axisymmetric mode, we have from (31) 


2 s . W —c)2 
[oo C; (mt [Gy [24+ a2) 1—- = 
pa tard : 
j_— ds 
ae 


¥ 


xriginhs@— 4) | SoOrrwalels | 








Wre1? : ...(43) 
Let 
: PoOQ2 k ch |W—c| eee 
Ne ery g gaa afr 2 Ley 12 +42] 1- WHO 
a, |l — —< a 
2 a 
a, 
r| FI >| 

and 


B 


= bo 


| Po O2 ci kr|W'|2| F]2 

= ee 

2 W — c)2 

afi — ! opi W—e| . 
a 


_ SS SO ee ee ——_ - 
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Then, proceeding as in the proof of the previous theorem, we get 


2 
2 oP ewer 2 
Ey = —P*[b + WE-JoP BL. 
rf (44) 


Use of the Rayleigh-Ritz inequality shows that 


Po O2c* r-1| (rG)' | 2 
|— 1 . (W— he 


a, 














a 
* 
--— —— =2r .--(45) 
PoO2 ci r|G\? 
r 
* 
where 
Pomin a’, nm 
Sa 
Po.nax a 4 (v2 = yi)? ...(46) 
Use of (45) in (43) leads to 
gee a’, 
(A2 + k2) S (4 -— Jo) — = 
“ ...(47) 
If 
2 ek? alae Bh Cad iid 
as hes — 6 
ee 2 
a, 
J po O? r| F |? 
then use of (47) gives 
(2 + K2) (1/4 — Jo) a Wines, 
fU(r)dr__ = (v2 + k2) = ——— fos eon) 


Fiori FT? 08 + ke! 


...(48) 


We have 
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c2 |W-—c|U(r) 


i 
9 a 




















| Ee ae! PR Kes s 
B pict sil 
ae ee 57 - 
le pig wterat a Wey 
ag 
— ay? 
c* Fae (v2 + 4/1 ape © Z i; 
404 nin 
= 
Cor 
max 
which can be rewritten as 
2 2 2 
( 24 k2) < ue aloe Ey 
y = ae 
or ae [1 : © a) F Bi 
min 4 ay, 
min 
Using the inequality (44), we get 
12 4 i er 
24 42) < Winx %@ [8 + 2VE—JoP 
(v2 + k2) s ae, L- ee 5 C- = on } ; ...(49) 
Using this in (48), we have 
74 6 ——— 
{ U(r) dr Vmax 4s, + 2VE = Jol — Jo) a 
2 F 22> Mit 2 ask te o. e ses 
J Po Q?r| F| gen ae +k) [1 — 5 (b x} 
min 4a" | 


Therefore, 


J Pop O2 (© + N2)r|F ,2> ails r= fPoQ2r| F{2 


min 


Jo sae (A2 + k2) a [1 re a a)? ke 8 5 UYr) dr 


WV roax Bee. (2 ¥ Jo! (i ny 4 ve 5 Jo} BE (9 © 


Use of this in (37), gives (42). This proves the theorem. 
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In the last two theorems, we have reduced the instability region given by the 
semicircle theorem. The reduced regions depend on stratification through the 
minimum Richardson number Jo. The result for subsonic axisymmetric disturbances 
incorporate not only the stratification but also the wave number and the distance 


between the cylinders. Furthermore, when W’ in ~ 0, Jo > + — implies cs > OF in 


accord with Theorem | for axisymmetric disturbances. 


4. CONCLUDING REMARKS 


In the linear stability analysis of inviscid compressible swirling flows between two 
infinite concentric cylinders we have obtained an instability region for subsonic 
axisymmetric disturbances which depend on the stratification, wave number and the 
distance between the cylinders. This region, which lies inside Howard’s semicircle, 
reduces to the line ce = 0 as Jo ~ + — for monotonic axial velocity profile in accord 
with the Richardson number criterion. Furthermore, we have established an instability 
region depending on the stratification for a class of supersonic disturbances. 


REFERENCES 


. Chimonas, J. Fluid Mech. 43 (1970) 833-36, 
.N. Howard, J. Fluid Mech. 10 (1961), 509-12. 
.N. Howard, Studies in Appl. Math. Lf (1973), 39-43. 
_N. Howard and A. S. Gupta, J. Fluid Mech. 14 (1962), 463-76. 
_K. Jain and G. T. Kochar, J. Math. Anal. Appl. 96 (1983), 269-82. 
.P. Lalas, J. Fluid Mech. 69 (1975), 65-72. 
_W. Miles, J. Fluid Mech. 10 (1961), 496-508. 
_ Subbiah and R. K. Jain, J. Math. Anal. Appl. (to appear). 





’ e os 
oe a ~ FF : 


Pi. Berets). SUGGESTIONS TO CONTRIBUTORS 


eArs The INDIAN JouRNAL OF PuRB AND APPLIED MATHEMATICS is devoted primarily to original 
research in pure and applied mathematics. 


Manuscripts should be typewritten, double-spaced with sufficient margins (including 
2 abstracts, references, etc.) on one side of durable white paper. The initial page should contain the 
titel followed by author’s name and full mailing address. The text should include only as much as 
Ver is needed to provide a background for the particular material covered. Manuscripts should be 
: submitted in triplicate. — 
The author should provide a short abstract, in triplicate, not exceeding 250 words, summarizing 
the highlights of the principal findings covered in the paper and the scope of research. 


7 
~~! 


References. should be cited in the text by the arabic numbers in superior. List of references 
_ should be arranged in the arabic numbers, author’s name, abbreviation of Journal, Volume number 
_ (Year) page number, as in the sample citation given below : 


For Perjodicals / | 
“1. R. H. Fox, Fund, Math. 34 (1947) 278, © 


For Books , 
2. H.Rund, The Differential Geometry of Finsler Spaces, Springer-Verlag, Berlin, (1973) 
p. 283. ™ : 


_ Abbreviations for the titles of the periodicals should, in general, conform to the World List of 
Scientific Periodicals. : . : 


All mathematical expressions should be written clearly including the distinction between capital 
and small letters. Clear distiaction between upper and lower cases of ¢,p,k,z,s, should be made 
while writing the expression in hand. Also distinguish between the letters such as ‘Oh’ and 
‘zero’; (el) and 1 (one); v, V and v (Greek nu); r and y (Greek gamma); x, X and X (Greek chi); 
ry k, Kand « (Greek kappa); Greek letter lambda (A) and symbol for vector product (A); Greek 

| letter epsilon (¢) and symbol for ‘is an element of’ (G). The equation numbers are to be placed 
at the right-hand side of the page. The name of the Greek letter or symbol should be written in 
2 the margin the first time itis used. Superscripts and subscripts should be simple and should be 
placed accurately. Sion 

j 


- Line drawings should be made with India ink on white drawing paper or tracing paper. 
Letterings should be clear aad large. Photographic prints should be glossy with strong contrast. 
~ All illustrations must be numbered consecutively in the order in which they are mentioned in the 
text and should be referred to as Pig. or Figs. Legends to figures should be typed ona separate 
sheet and attached at the end of the manuscript. 
Tables should be typed separately from the text and placed at the end of the manuscript. Table 
headings should be short but clearly descriptive. 
Proofs should be corrected immediately on receipt and returned to the Editor. If a large 
number of corrections are made in the proof, the author should pay towards composition charges. 
In case, the author desires to withdraw his paper, he should pay towards the composition charges, 
if the same is already done. 
For each paper, the authors will receive 50 reprints free of cost. Order for extra reprints 
should be sent with corrected page proofs. 


Maauscripts, in triplicate, should be submitted alongwith the declaration ¢ “The pence 
entitled «+++ «++ er DY. sss eeeesernees are submitted for publication only AD the Indian piso . 

- Pure & Applied Mathematics and not elsewhere*’ to the Editor of Publications, ee 
Pure and Applied Mathematics, Indian National Science Academy, Bahadur Shah Zafa 2, 


New Deihi 110002 (India). 





i. 


RN 19797/70 Regd. No. D-(C)-774 


INDIAN JOURNAL OF PURE AND APPLIED MATHEMATICS 


No. 11 November 1989 Volume 20 ; 
CONTENTS 

On the relation of lattice repleteness and C-real compactness by GEORGE > 

BACHMAN AND PANAGIOTIS_D. STRATIGOS nee 
A note on Swan modules by ANUPAM SRIVASTAV 1067 
Fixed point theorems for multivalued mappings by T. L. Hicks ... 1077 
An abstract fixed point theorem for multi-valued mappings by 

S. K. SAMANTA fe Sigh oe ee ae << 1080 | 
On linear independence of sequences in conjugate Banach spaces by: 

P. K. Jain, S. K. Kausnik and D, P. SINHA Sua os -- _-: 1083 
Asymptotic bshaviour of solutions of Functional differential equations by 

E. THANDAPAN! and K. BALACHANDRAN 1096 - 
On Bishop, Silov and antialgebraic decompositions by H.S. MERTA and 3 

R. D. MEHTA 1107 
On topological projective planes-III by S. ARUMUGAM os wk 1115 
Invariant submanifolds in a conformal K-contact Riemannian manifold 

by B. Ravi and C. S. BAGEWADI 1119 
Associated Weber integral transforms of arbitrary orders by C. Nasim 1126 
On the generating functions and partial sums of the Fourier series by 

PREM CHANDRA 


Unsteady motion of a semi-infinite conducting liquid by a suddenly 


applied velocity on its surface by D. C. SanyaL and 
S. K. SAMANTA 5 


On hydromagnetic turbulent shear flow by D.C, SANYAL © and 
S. K. SAMANTA 


On the stability of compressible swirling flows by V. Tuurast and 
M. SupsiAH . 





ee 





Page Be 3 


> Wes 3 


139° 


| 1146 


HSfa' 


1159 


Published and Printed by Dr O. N. Kaul, Executive Secretary, Indian National Science Academy, 


Bahadur Shah Zafar Marg, New Delhi 110002, at Leipzig Press, D-52, N.D.S.E. Part I 


New Delhi 110049, Ph. 622490 


